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Unsteady flow of CNT-water nanofluid past a stretching sheet with slip effect
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In this analysis, an unsteady flow over a stretching plate with slip effect in CNT-water nanofluid has been examined.
A set of ordinary differential equations have been obtained by applying the convenient similarity variables. Perturbation
technique has been used to find numerical solutions of the study by applying Runge-Kutta fourth order scheme. Plots of
velocity and temperature distributions for physical parameters such as velocity slip parameter, solid volume fraction,
unsteadiness parameter and thermal slip parameter have been given via graphs, whereas numerical values of local skin
friction coefficient and local Nusselt number have been presented in tabular form. Comparison with earlier published results
specified that Runge-Kutta method of order four is applicable to solve this problem.
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1 Introduction

Unsteady flows appear in natural cases like flow
due to fins of fish and flapping wings of birds, and
pulsating flow in arteries. The fluid flows with
unsteady nature have been attracting the researchers
in the past several years. Unsteady impacts emerge
either due to non-uniformities or fluctuations in the
surrounding fluid or due to self induced by the body.
Studies on boundary layer flow with unsteady
condition have been considered by Elbashbeshy and
Bazid', Liao? Jat and Chaudhary®, and Hayat and
Nawaz®. Further, Rashad® determined the impacts of
thermal radiation and variable viscosity on unsteady
flow in the presence of magnetic field. Some recent
developments with unsteady condition have been
analyzed by Khan and Azam® Chaudhary and
Choudhary’, Dholey® and Moshkin et al.’.

Nanofluid is a nanotechnology based fluid, which
is created to improve the performance of ordinary
fluids by the suspension of the nano solid particles
with the diameter size 1 to 100 nm. This kind of fluid
has higher single-phase heat transfer coefficient and
the thermal conductivity than the conventional fluids.
Nanofluids have significant impacts on the several
industrial divisions due to the reason of developing
features of thermal conductivity. These fluids include
some applications like cooling of nuclear reactors,
production of energy, power generation, cancer
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therapy and thermal insulation. Initially, Choi'® had
created the term nanofluid, who claimed that a
suspension of nano metal particles can increase the
thermal properties of the base fluids. A numerical
study of nanofluid flow between parallel plates is
investigated by Sheikholeslami and Ganji*'. After
that numerous researchers such as Chen et al.’?,
Sheikholeslami and Rokni*’, Ahmed and Nadeem™,
Chaudhary and Kanika®, and Uddin et al.*
contributed for the nanofluid flow along with different
configurations.

Study on stretching sheet has been initiated since
last decade because this sheet is commonly created.
To control the drag and heat flux for a desirable
condition of the product, the stretching of a plate
creates motion in the fluid parallel to the plate. Fluid
flow past a stretching surface has various applications
in the field of manufacturing and industrial. Some
examples of applications are drawing of wire, metal
spinning, extrusion of polymer and metal, hot rolling,
fine-fiber mattes and thermal processing of sheets.
The fluid flow past a stretchable plate has been
discussed numerically by Ishak et al.'’. Afterward,
Tamizharasi and Kumaran®®, Chaudhary et al.* and
Babu and Sandeep® highlighted the influence of
stretching surface on fluid flow along with various
considerations. Recently, several authors, namely,
Liu and Liu** and Hamid et al.?* explored the
consequence of stretching sheet flow with different
physical aspects and geometries.
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In the fluid flow problems, usually there are two
types of boundary conditions taken, such as no-slip
and slip conditions. The no-slip conditions imply that
there is no relative motion between fluid and the plate
but some surfaces exist where the fluids slip against
the sheets. Meanwhile, the slip conditions play a vital
role in medical sciences, lubrications, biological
liquids and polishing artificial heart valves. Ariel®,
probably, had been the first to find the partial slip
effect on an axisymmetric flow. Later on, a second
order slip flow model has been developed by Fang et
al.**. Moreover, the flow characteristics with slip
condition at the wall have been examined by Khan
et al.”®, Hayat et al.”®, Chaudhary and Choudhary?®’,
and Yang et al.?®.

Continuing to the above mentioned engineering
and industrial applications, the target of present
illustration is to increase the behavior of heat transfer
and describe the nature of slip flow of CNT-water
nanofluid along with stretchable plate. The time
dependent analysis is created and computational
solutions have been achieved by Runge-Kutta method
of order four. This analysis concluded that the
performance and the efficiency of flow structure can
be improved by choosing the appropriate values of the
physical parameters. Such study may find application
in fire dynamics in insulations and geothermal energy
systems etc. There is always a chance of development
of some new experimental or numerical methods
which can give new height to advanced technology in
the fluid flow areas.

2 Problem Formulation

An unsteady boundary layer flow of an
incompressible viscous CNT-water nanofluid model
near a stretching surface is examined. The impact of
slip condition on the surface is assumed. As Fig. 1 a
coordinate system is considered in such a way
that X —axis is measured alongside the plate while
y —axis is perpendicular to it and fluid flow is

defined in the space y>0. The velocity at the
CcX
1-at
and a

surface is assumed y = with the slip velocity

ou
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constants, t is the time, N, = N(1-at)"?is the velocity
slip factor, N is the initial value of velocity slip
factor, subscript ¢ denotes the thermophysical

properties for base fluid, ,_# is the kinematic
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Fig. 1— Flow sketch and coordinate system.

viscosity, u is the coefficient of viscosity, p is the
density and U is the velocity factor in the direction of

X —axis. Furthermore, the surface temperature
T, =T, +T0£ 1 __ and the slip temperature
2v, (1-at)

1. _p 9T are incorporated, where T_ is the free
"oy

slip

stream temperature, T, is a measure of the rate of
temperature increase along the plate, D, = D(1-at)"?

is the thermal slip factor, D is the initial value of
thermal slip factor and T is the temperature of
nanofluid. The basic governing equations after using
the boundary layer approximations as (Bansal®)

8_u+@:0 .. (D
oX oy
ou Au au o°u
—HU—+V— =0 — - (2
ot OX oy
or or _aT o°T
—HU—+V— =0y — (3
ot OX oy oy
subjected to the boundary conditions
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)

where subscript nf indicates the thermophysical

properties of nanofluid, v is the velocity factor
PC,

thermal diffusivity, x is the thermal conductivity and

C,, is the specific heat at constant pressure.

corresponding to the Yy —axis,
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Moreover, thermophysical characteristics of
nanofluid, restricted to spherical nanoparticles like
coefficient of viscosity, density, thermal conductivity

and heat capacitance followed by Khalid et al.®® are
given as follows
Hi
P . (5)
=g
Pt
1- 4 2p et Konr T
_ Kent = Ky 2K ¢ 7)
Kot = K P
1-g+24 f In JSeNT f
Kent =Ky 2K ¢
(ec,)
o) = 1—¢+¢—(—TCNT PC
( P)nf pcp f ( P)f
. (®

where subscript CNT stands for the physical
characteristics for carbon nanotubes and ¢ is the

solid volume fraction. Consequently, the values
of thermophysical properties of nanofluid are
represented by the Table 1 [Khalid et al.*® and
Mohammad and Kandasamy®'].

3 Analysis

The following dimensionless variables are utilized
to convert the partial differential equations into a set
of ordinary differential equations [Mukhopadhyay and
Andersson®]

v = (f_u,;t jﬂz xfn) n= {m}“?

y, T=T, +(T,-T.)0()

(9
where l//(X, y,t) is the stream function, which is

defined in the usual way as , - 2% and ,__9% , and
OX

Table 1 — Thermophysical characteristics of CNT and water.

Materials ~ p (kgm®)  «Wm?K™?)  C,(kg'K™)
CNT 2600 6600 425
Water 997.1 0.613 4179

symmetrically satisfy the continuity Eq. (1), f(7) is
the non-dimensional stream function, 7 is the
similarity variable and &(7) is the non-dimensional

temperature.

Using the mentioned transformations Eq. (9), the
momentum and the thermal energy Egs. (2) and (3)
with the associated boundary conditions Eq. (4) have
taken the forms

f”’+(1—¢)5’2(1—¢+¢pc’“JKf —Ar;jf"—(f’+ A)f} =0
P 2

f

.. (10)
Kp 1 ('DCP)CNT
——0"+|1-¢+
K¢ Pr { p+¢ ipCpif
... (1)
Hf-ﬁnje'-(sz%je}:o
2 2
with the relevant boundary conditions
n=0: f=0 f'=1+A1" 6=1+ 6’
n—>wo: f'"5068->0
...(12)

where prime () mentions the differentiation in terms
of 77, o_2 is the unsteadiness parameter, py_ Y1 is
c o
the Prandtl number, 4 =N(cv, J? is the velocity slip
parameter and D{ c Jm is the thermal slip
Vi

parameter.

4 Physical Quantities
The important quantities of physical interest in this

study are the local skin friction coefficient C; and

the local Nusselt number Nu, , which are given by

5) 5)
He| = Ko X
¥ )yeo Vo (13)

>— Nu =-
pfuw

C =
f " Kf (TW _Too)
2

By substituting the dimensionless variables Eq. (9),
the physical gquantities Eqg. (13) can be expressed in
the following forms
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2 f //(0) 1
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X

where Re, = YuX s the local Reynolds number.
Uy

5 Solution Methodology

Numerical values of the Egs. (10) and (11) with the
associated boundary conditions Eqg. (12) are computed
by applying the perturbation technique. Introducing
the power series in terms of small unsteadiness
parameter A as follows

f(n):Z::A‘ f.(7) .. (15)
n)ziAjé’j(n) ... (16)

Substituting the Egs. (15) and (16) and its
derivative in the governing Egs. (10) to (12) and then
equating the coefficients of like power of A
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with the boundary conditions
n=0: =0 fi=1+11] f/ =" 6,=1+p06,, 0, = p0;
n—ow: f'>06 -0 i20, j>0
.. (23)

The fourth order Runge-Kutta method is applied
for the numerical solution of the ordinary differential
Egs. (17) to (22) with boundary conditions Eq. (23),
which employed step size 0.001 to obtain the solution.
Above procedure is repeated until the results are

correct up to the pertinent accuracy of 10~ level are
found.

6 Validation of Results

For the validation of numerical technique, the
values of the heat flux are carried and compared with
previously reported data. These comparisons are
presented in Table 2, which declares the comparison
of the heat transfer rate versus Prandtl number. From
this table, it can be observed that the present results
are in good agreement with the numerical values
found by Mukhopadhyay and Andersson®.

Table 2 — Comparision for the values of — ¢’(0) with the
previously published results when 2 =¢= A= =0 and

f"(0)=-1.000483 -
Pr Mukhopadhya%/ and Present Results
Andersson*?
0.72 1.08855 1.0900635
1.00 1.33334 1.3333439
3.00 2.50971 2.5095146
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7 Discussion of Numerical Results

In this section, figures are given to discuss the
significance of the velocity slip parameter A, the
solid volume fraction ¢, the unstediness parameter

A and the thermal slip parameter £ on the velocity

f(77) and the temperature @(r7) profiles, while table
represents the numerical data of the surface shear
stress f”(0) and the surface heat flux &’(0) for the
impacts of specified parameters. To find the effect of
anyone of physical parameters, the other remaining
parameters are taken as fixed value.

Figures 2 and 3 depict the effects of the velocity
slip parameter A on the velocity f'(r7) and the

temperature 6(77) fields respectively. The momentum
boundary layer as well as the thermal boundary layer
increases when A develops, but a reverse impact can
be seen in momentum boundary layer for 77 < 2.75.
The central reason for increment in velocity and
temperature of the fluid is that the extraction in
stretching sheet is partially communicated in the
liquid over the slip condition and heat transfer from
heated surface into the adjacent fluid is in more
guantity.

Fluctuations in the dimensionless velocity f'(7)
and the temperature 6(77) for the changes in the solid
volume fraction ¢ are conferred in Figs 4 and 5,
respectively. These figures elucidate that the fluid
flow and the fluid temperature enhance along with the
booming values of ¢. This is because nanofluid has
higher viscosity along with the rising solid volume
fraction which leads to nanofluid velocity falls, while
the nanofluid velocity develops for the slip condition.
Moreover, an increment in the solid volume fraction
causes enlargement in the thermal conductivity, so
thermal boundary layer thickness increases.

Figures 6 and 7 illustrate the behavior of the
velocity f'(r) and the temperature «9(77) distributions
with the influences of the unsteadiness parameter
A respectively. From these figures it can be observed
that an increment in A tends to reduce the fluid
velocity as well as the fluid temperature while
opposite phenomenon can be noted in velocity for
n > 2.75. Physically, along with the increment in the
unsteadiness parameter, the heat declines at the wall,
which imply the depreciation in the velocity and the
temperature.
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Fig. 2 — Behavior of dimensionless velocity for different A with
$=0.08and A=0.1.
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Fig. 3 — Behavior of dimensionless temperature for different A
with ¢ =0.08, A=0.1, #=0.1and Pr=6.2.
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Fig. 4 — Behavior of dimensionless velocity for different ¢ with
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Fig. 5 — Behavior of dimensionless temperature for different ¢

with 2=0.1, A=0.1, g=0.1 and Pr=6.2.
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Fig. 6 — Behavior of dimensionless velocity for different A

with 2 =0.1 and ¢ =0.08.
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Fig. 7 — Behavior of dimensionless temperature for different A
with A =0.1, $=0.08, #=0.1and Pr=6.2.
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The behavior of the thermal slip parameter S on

the temperature of fluid () is demonstrated in
Fig. 8. One can observe from this figure that the
enlarging value of £ declines the thermal boundary
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Fig. 8 — Behavior of dimensionless temperature for different f
with 1 =0.1, $=0.08, A=0.1 and Pr=6.2.

Table 3 — Numerical data of f"(0) and ¢'(0) for several values
of specified parameters with Pr=6.2.

A $ A B —"(0) -6'00)
0.1 008 01 0.1 0.8673166 2.3884392
0.3 0.7013914 2.2661651
0.5 0.5930364 2.1730953
0.7 0.5158499 2.0981672
0.9 0.4576844 2.0356264
0.1 0.02 0.8936792 2.5998101
0.04 0.8855847 2.5272450
0.06 0.8767897 2.4568361
0.10 0.8571861 2.3219240
0.08 0.2 0.8943876 2.4354485
0.3 0.9210110 2.4811471
0.4 0.9471189 2.5256039
0.5 0.9726596 2.5688782
01 03 0.8673166 1.6163354
0.5 1.2214733
0.7 0.9816592
0.9 0.8205576

layer. This is because of the less amount of heat is
transferred from the plate to the fluid as the thermal
slip parameter step-up.

Table 3 shows the numerical values of the surface
shear stress f"(0) and the rate of heat transfer 6'(0)

for different controlling parameters respectively. This
table concludes that the local skin friction coefficient
and the local Nusselt number enhances for increasing
values of A and ¢, while an opposite reaction can be

seen for rising values of A. Further, an enlargement
in £ leads to an increase in the surface heat flux.

Furthermore, for effects of all considering parameters,
the negative values of the wall shear stress and the
heat flux imply that fluid yields a drag force by the
surface and there is a heat flow to the surface
respectively.

8 Conclusions

Slip effect on unsteady CNT-water nanofluid flow
along with stretching sheet is studied in this problem.
The governing partial differential equations are
converted into a set of ordinary differential equations
by similarity transformation. Perturbation technique
along with Runge-Kutta fourth order method is used
to obtain the numerical solutions of the resulting
system. The following findings are established

(i) The velocity, temperature, the surface shear
stress and the surface heat flux increase as the
velocity slip parameter and the solid volume
fraction rise, while opposite phenomenon occurs
in the velocity profile for 77 < 2.75 along with

the increment in the velocity slip parameter.

(i) An enhancement in the unsteadiness parameter
leads to decrease the dimensionless velocity,
temperature, the local skin friction and the local
Nusselt number, whereas the velocity
distribution rises for 7 > 2.75.

(iii) In the presence of the booming thermal slip

parameter, the thermal boundary layer decreases
and the rate of heat transfer enhances.
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