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This paper presents a robust control design using variable gain super twisting sliding mode control application in 
Autonomous Underwater Glider (AUG). AUGs are known as underactuated systems and very nonlinear in nature make 
difficult to control. The controller is designed for longitudinal plane of an AUG that tracks the pitching angle and net 
buoyancy of a ballast pump for nominal system, system in existence of external disturbance and parameter variations in 
hydrodynamic coefficients. The Lyapunov stability theorem has proved that the proposed control law is satisfied the 
stability sufficient condition. The simulation results have shown that the proposed controller has improved the transient 
response, reduced steady error and chattering effects in control input and sliding surface in all cases. 

[Keywords: Autonomous Underwater Glider (AUG), Chattering reduction, Robustness, Variable Gain Super Twisting 
Sliding Mode Control (VGSTW)] 

Introduction 
The idea of glider concept was proposed by Henry 

Stommel in 1989(ref. 1). Later in 1990 Henry together 
with Webb were awarded a grant from naval office 
and they successfully developed battery-powered 
glider prototype and completed a total of 71 dives. 
With this success, promotes many researchers to 
embark in this field of research where later three 
operational gliders classified as a special class of 
Autonomous Underwater Vehicle (AUV) were 
successfully developed name as Slocum glider, Spray 
glider and Seaglider. Many agencies and research 
laboratories using these three AUGs to collect 
oceanography data2. There are many lab-scale  
AUGs have been developed by many universities and 
institutes such as robotic gliding fish (Michigan  
State University)3, USM glider4 (University Science 
Malaysia), a light-weight underwater glider (Shanghai 
Jiao Tong University)5, RoBuoy underwater glider 
(Indian Institute of Technology Madras, India)6  
and Sepiida glider (University of Cambridge)7. 
Autonomous Underwater Glider (AUG) glides 
through the water column by shifting its internal 
movable masses translationally or rotationally and 
pumping the ballast. Many control techniques were 

proposed to control the motion of AUG. AUG save 
energy usage since the design of AUG with the 
absence of external propellers that contribute to high 
power usage. 

Gliders are known as Multi-Input-Multi-Output 
(MIMO) nonlinear under-actuated systems. Therefore, 
AUG is considered as highly nonlinear, uncertainties 
in hydrodynamic coefficients, time-varying dynamic 
in nature and also ocean disturbances such as ocean 
currents and waves8. Numerous control methods  
have been proposed for AUG. Review on control 
techniques implementations in AUG has been done by 
Ullah et al.9. The control techniques reviewed in  
the paper include classical Proportional-Integral-
Derivative (PID), optimal control of Linear Quadratic 
Regulator (LQR), robust nonlinear control up to 
intelligent control such as neural network and  
fuzzy logic. Review on sliding mode control 
implementation in AUV was done by Mat-Noh10 
where the review is limited to all of SMC families 
implemented in AUV including AUG. As proposed in 
Garcia et al.7, Latifah et al.11, Vidya et al.12, classical 
PID control has a basic architecture with fewer tuning 
parameters, making it easier to implement. Optimal 
control is another linear control method13-16, which 
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has a simple architecture and requirements. In order to 
get the desired performance, only two tuning parameters 
had to be changed. Both PID and optimal provide 
good performance. However, both effective only in a 
small neighbourhood of the equilibrium since the 
model is linearized about the equilibrium point. 

The Model Predictive Control (MPC) had been 
proposed in by Shan & Yan17, Abraham & Yi18 and 
Liu et al.19. Shan & Zheng17 designed the MPC using 
one-layer recurrent neural network to improve the 
computational problem in MPC to control the 
longitudinal plane of AUG. The MPC was used by 
Abraham & Yi18 in conjunction with the path-
following technique for online tuning of the desired 
vehicle velocity along with the trajectory and thus 
validated the 3D motion dynamics of the Slocum 
glider. Liu et al.19 used adaptive MPC for steering 
control of AUG where online estimator was designed 
to update the dynamic model of yaw system. 

The intelligent control had been proposed in by 
Isa20 & Liu21. The intelligent control does not need a 
precise mathematical model of the plant however they 
will suffer from high computational time and need 
high tuning effort in order to attain a good 
performance. The Sliding Mode Control (SMC) is the 
another technique used22-26. The boundary layer SMC 
was proposed by Mat-Noh et al.22,24 for 1 Degree of 
Freedom (DOF) and 2 DOF internal movable sliding 
mass, respectively. The Taylor’s series expansion 
method is used in obtaining the linearized model  
of AUG. Yang & Ma25,26 proposed the SMC for 
nonlinear system of longitudinal plane of AUG. The 
reaching law is designed based on rapid-smooth 
reaching law. In Yang & Ma26 the performance of 
Yang & Ma25 is improved using inverse system 
method where the output equations are differentiated 
repeatedly until the input is appeared in the equations, 
then the control law is designed based on that 
equations. Mat-Noh et al.23 proposed SMC to control 
the pitching and the net buoyancy of the longitudinal 
plane system. The control law is designed based on 
Super Twisting Sliding Mode Control (STSMC). The 
standard STSMC composed only discontinuous part, 
however in Mat-Noh et al.23 the control law consists 
of equivalent and discontinuous parts. 

This paper proposes the application of Variable 
Gain Super Twisting Siding (VGSTW) control in 
longitudinal plane of an AUG. The performance  
of the proposed controller is compared to the 
performance of original super twisting SMC (STW) to 
evaluate robustness of the proposed controller against 

external disturbance and parameter variations. Since 
VGSTW has never been implemented in any of AUV 
or AUG systems, therefore it becomes contribution 
for this paper. 
 
Approach and Methods 
 

Autonomous Underwater Glider (AUG) model 
Detail derivation of the motion equation of 

longitudinal plane can be found in Graver2. The 
dynamics of the longitudinal plane is controlled via 
internal movable mass and variable ballast mass and 
uses fixed rudder to stabilize the glider straight 
motion in longitudinal plane where lateral dynamics 
can be ignored. Therefore, all the lateral parameters 
are equal to zero except pitching related parameter. 
Figure 1 and Table 1 show the reference frame and all 
related parameters of the glider respectively. 

The desired angle glide path, ξd and speed Vd 
determines the glide path.  

 

𝜉 ൌ 𝜃 െ 𝛼  … (1) 
 

Where, θ = angle of pitching, α = angle of attack 
 

𝑉 ൌ ඥ𝑣ଵ
ଶ  𝑣ଷ

ଶ … (2) 
 

 
 

Fig. 1 — The reference frame of the glider 
 

Table 1 — The notation used for the glider 

No. Motion axis Linear and 
angular velocity 

Position and 
orientation 

1. Motion in the  
x-direction (surge) 

v1 (m/s) x 

2. Motion in the  
y-direction (sway) 

v2 (m/s) y 

3. Motion in the  
z-direction (heave) 

v3 (m/s) z 

4. Rotation about the  
x-axis (roll) 

ω1 (rad/s) ϕ 

5. Rotation about the  
y-axis (pitching) 

ω2 (rad/s) θ 

6. Rotation about the  
z-axis (yaw) 

ω3 (rad/s) ψ 
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The initial coordinates (x’, z’) where x’ is the 
position along the desired path and is defined as 

 

ቀ𝑥′
𝑧′
ቁ ൌ ൬

𝑐𝑜𝑠𝜉ௗ െ𝑠𝑖𝑛𝜉ௗ
𝑠𝑖𝑛𝜉ௗ 𝑐𝑜𝑠𝜉ௗ

൰ ቀ
𝑥
𝑧ቁ … (3) 

 

Where, z' is the vehicle's position in the direction 
perpendicular to the desired path. The dynamics of the 
z’ is written in Eq. (4) 

 

𝑧′ሶ ൌ 𝑠𝑖𝑛𝜉ௗ𝑥ሶ  𝑐𝑜𝑠𝜉ௗ𝑧ሶ … (4) 
 

Practically, most internal movable mass of the 
AUG only moves along x-axis2 and ballast pumping 
rate makes the glider glides through in water column. 
Thus, 1 Degree of Freedom (DOF) internal movable 
mass is considered in paper as proposed in Graver2. 

The motion equations in Leonard & Graver27 is 
rewritten; where, rp3 is fixed at one position. The 
motion equations for 1 DOF internal movable mass 
are written in Eqs. (5 – 11) 

 

𝜃ሶ ൌ 𝜔ଶ … (5) 
 

𝜔ሶ ଶ ൌ  
ଵ


൛൫𝑚 𝑚ଵ൯൫𝑚 𝑚ଷ൯𝑌 െ𝑚𝑚ଷሺ𝑚 

𝑚ଵሻ𝑟ଵ𝑟ሶଵ𝜔ଶ െ𝑚൫𝑚 𝑚ଷ൯𝑟ଷ𝑋ଵ  𝑚൫𝑚 
𝑚ଵሻ𝑟ଵ𝑋ଷ െ 𝑚𝑚ଵ൫𝑚 𝑚ଷ൯𝑟ଷ𝑢ଵൟ  … (6) 
 

𝑣ሶଵ ൌ  
ଵ


൛െ𝑚൫𝑚 𝑚ଷ൯𝑟ଷ𝑌 െ𝑚

ଶ𝑚ଷ𝑟ଵ𝑟ଷ𝑟ሶଵ𝜔ଶ 

𝑚ൣ𝐽ଶ൫𝑚 𝑚ଷ൯  𝑚𝑚ଷ𝑟ଵଶ 𝑚൫𝑚 𝑚ଷ൯𝑟ଷ
ଶ ൧𝑋ଵ െ

𝑚
ଶ𝑟ଵ𝑟ଷ𝑋ଷ െ𝑚ൣ𝐽ଶ൫𝑚 𝑚ଷ൯  𝑚𝑚ଷ𝑟ଵଶ ൧𝑢ଵൟ … (7) 

 

𝑣ሶଷ ൌ  
ଵ


൛𝑚ൣ𝐽ଶ൫𝑚 𝑚ଵ൯ 𝑚𝑚ଵ𝑟ଷ

ଶ ൧𝑟ଵ𝜔ଶ െ

𝑚
ଶ𝑟ଵ𝑟ଷ𝑋ଵ ൣ𝐽ଶ൫𝑚 𝑚ଵ൯𝑟ଵଶ 

𝑚𝑚ଵ𝑟ଷ
ଶ ൧𝑋ଷെ𝑚

ଶ𝑟ଵ𝑟ଷ𝑋ଷ െ𝑚
ଶ𝑚ଵ𝑟ଵ𝑟ଷ𝑢ଵൟ … (8) 

 

𝑟ሶଵ ൌ 𝑟ሶଵ … (9) 
 

𝑟ሷଵ ൌ 𝑢ଵ … (10) 
 

𝑚ሶ  ൌ 𝑢 … (11) 
 

Where,  
 

𝑎 ൌ 𝐽ଶ൫𝑚 𝑚ଵ൯൫𝑚  𝑚ଷ൯ 𝑚𝑚ଷ൫𝑚 𝑚ଵ൯𝑟ଵଶ 
𝑚𝑚ଵ൫𝑚 𝑚ଷ൯𝑟ଷ … (12) 

 

𝑋ଵ ൌ െ𝑚ଷ𝑣ଷ𝜔ଶ െ 𝑃ଷ𝜔ଶ െ 𝑚𝑔𝑠𝑖𝑛𝜃  𝐿𝑠𝑖𝑛𝛼 െ
𝐷𝑐𝑜𝑠𝛼 … (13) 
 

𝑋ଷ ൌ 𝑚ଵ𝑣ଵ𝜔ଶ  𝑃ଵ𝜔ଶ  𝑚𝑔𝑐𝑜𝑠𝜃 െ 𝐿𝑐𝑜𝑠𝛼 െ
𝐷𝑠𝑖𝑛𝛼 … (14) 
 

𝑌 ൌ ൫𝑚ଷ െ 𝑚ଵ൯𝑣ଵ𝑣ଷ െ ൣ𝑟ଵ𝑃ଵ  𝑟ଷ𝑚൫𝑣ଷ െ
𝑟ଵ𝜔ଶሻ𝜔ଶ൧ െ 𝑚𝑔൫𝑟ଵ𝑐𝑜𝑠𝜃  𝑟ଷ𝑠𝑖𝑛𝜃൯  𝑀ଶ … (15) 

𝑃ଵ ൌ 𝑚ሺ𝑣ଷ െ 𝑟ଷ𝜔ଶሻ … (16) 
 

𝑃ଷ ൌ 𝑚ሺ𝑣ଷ െ 𝑟ଵ𝜔ଶሻ … (17) 
 

Where, mem is the net buoyancy, mf1, and mf3 denote 
the added masses, D, L, and MDL2 denote the drag, lift 
and viscous moment of the hydrodynamic force and 
moment as defined in Graver2 as 
 

𝑚 ൌ 𝑚ℎ 𝑚 𝑚 െ𝑚ௗ … (18) 
 

𝐿 ൌ ሺ𝐾ை  𝐾𝛼ሻሺ𝑣ଵ
ଶ  𝑣ଷ

ଶሻ … (19) 
 

𝐷 ൌ ሺ𝐾ை  𝐾𝛼ଶሻሺ𝑣ଵ
ଶ  𝑣ଷ

ଶሻ … (20) 
 

𝑀ଶ ൌ ሺ𝐾ெை  𝐾ெ𝛼ሻሺ𝑣ଵ
ଶ  𝑣ଷ

ଶሻ  𝐾ఠమ
భ𝜔ଶ  𝐾ఠమ

మ𝜔ଶ
ଶ  

 … (21) 
 

Where, 𝑚ℎ, 𝑚, and 𝑚ௗ are the mass of the hull, 
internal movable mass, and displaced fluid. 𝐾, 𝐾ை, 
𝐾, 𝐾ை, 𝐾ெ, and 𝐾ெை are the hydrodynamic lift, 
drag and pitching moment coefficients. 𝐾ఠమ

భ , and 𝐾ఠమ
మ  

are the linear and quadratic damping constant 
coefficients. 

From Eqs. 5 – 11, it can be observed that the 
system is under-actuated system with two inputs and 
six outputs. The state and input vectors are written in 
Eqs. 22 and 23, respectively. 

 

𝑥 ൌ ሾ𝑥ଵ 𝑥ଶ 𝑥ଷ 𝑥ସ 𝑥ହ 𝑥 𝑥ሿ் ൌ ሾ𝜃 𝜔ଶ 𝑣ଵ 𝑣ଷ 𝑟ଵ 𝑟ሶଵ 𝑚ሿ்  
 ... (22) 
 

𝑢 ൌ ሾ𝑢ଵ 𝑢ሿ் ... (23) 
 

However, in this study only two parameters are 
considered that are pitching angle, 𝜃 and net 
buoyancy, 𝑚 as written in Eqs. 24 and 25. The net 
buoyancy is obtained through the ballast mass, 𝑚. 
 

𝑦ଵ ൌ 𝑥ଵ ൌ 𝜃 … (24) 
 

𝑦ଶ ൌ 𝑚 ൌ 𝑚ℎ 𝑚 𝑚 െ𝑚ௗ … (25) 
 
Controller design 

This section discusses the design methodology of 
the controller. The proposed controller is a Variable 
Gain Super Twisting SMC (VGSTW). Therefore, 
here two controllers will be designed that are the 
proposed controller and super twisting Sliding Mode 
Control (STW). 

Before designing the controller, the motion 
equations in Eqs. 5 – 11 are rewritten in the general 
form of nonlinear equation as given in Eq. 26. 

 

𝑥ሶ ൌ 𝑓ሺ𝑥, 𝑡ሻ  𝑔ሺ𝑥, 𝑡ሻ𝑢  𝑔𝛿ሺ𝑥, 𝑡ሻ … (26) 
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Where, 𝑥 ∈ 𝑅, and 𝑢 ∈ 𝑅 are defined as state, and 
input vectors, 𝛿ሺ𝑥, 𝑡ሻ represents the bounded matched 
perturbations, 𝑘 ൌ 1,2, … ,𝑛 and 𝑖 ൌ 1,2, … ,𝑚 
𝛿ሺ𝑥, 𝑡ሻ is bounded with a known norm upper bound, 
 

|𝛿ሺ𝑥, 𝑡ሻ|  |𝜌ሺ𝑥, 𝑡ሻ| ... (27) 
 

Where, 𝜌  0 for 𝑘 ൌ 1,2, … . ,𝑛. 
 

Eq. 8 and 11 are written in the form of Eq. 26 as 
given in Eqs. 28 – 30. 
 

𝑥ሶଵ ൌ 𝑥ଶ … (28) 
 

𝑥ሶଶ ൌ 𝑓ଵሺ𝑥, 𝑡ሻ െ 𝑔ଵሺ𝑥, 𝑡ሻ𝑢ଵ െ 𝑔ଵሺ𝑥, 𝑡ሻ𝛿ଵሺ𝑥, 𝑡ሻ … (29) 
 

𝑥ሶ ൌ 𝑢ଶ  𝛿ଶሺ𝑥, 𝑡ሻ … (30) 
 

Where, 𝛿ଵand 𝛿ଶ are the external disturbances. The 
controllers are designed for the tracking problems. The 
errors of the outputs are defined in Eqs. 31 and 32. 

 

𝑒ଵ ൌ 𝑥ଵ െ 𝑥ଵௗ … (31) 
 

𝑒ଶ ൌ 𝑥 െ 𝑥ௗ … (32) 
 
A. Super Twisting sliding mode control (STW) 

Super twisting SMC (STW) is categorised as 
second order SMC which was introduced in 1993 by 
Levant28. STW is an alternative to the conventional 
first order SMC for the systems with relative degree-
one which ensures finite time stability29,30. 

Super twisting algorithm also known as model free 
SMC because its control law consists only the 
discontinuous control part which free from the system 
parameters. However, in this study the STW the 
control consists of equivalent control that derived 
using conventional SMC and the discontinuous 
control law is designed based on super-twisting 
algorithm. Therefore, the control law for tracking the 
pitching angle and the net buoyancy is written in Eqs. 
33 and 34, respectively. 
 

𝑢ଵ௦௧௪ ൌ 𝑢ଵ௦௧௪_  𝑢ଵ௦௧௪_ௗ௦ ... (33) 
 

𝑢ଶ௦௧௪ ൌ 𝑢ଶ௦௧௪_  𝑢ଶ௦௧௪_ௗ௦ ... (34) 
 

The sliding surfaces and their derivatives are 
defined in Eqs. 35, 36, 37 and 38 for pitching angle 
and net buoyancy, respectively. 

 

𝑠ଵ௦௧௪ ൌ 𝑐ଵ𝑒ଵ  𝑒ሶଵ ... (35) 
𝑠ଶ௦௧௪ ൌ 𝑒ଶ ... (36) 
 
and 
𝑠ሶଵ௦௧௪ ൌ 𝑐ଵ𝑒ሶଵ  𝑒ሷଵ ... (37) 

𝑠ሶଶ௦௧௪ ൌ 𝑒ሶଶ ... (38) 
 

The equivalent control laws are defined as 𝑠ሶଵ ൌ 0 and 
𝑠ሶଶ ൌ 0 

𝑢ଵ௦௧௪_ ൌ
ଵ

భ
ሺ𝑓ଵ െ 𝑔ଵ𝛿ଵ  𝑐ଵ𝑒ሶଵ െ 𝑥ሷଵௗሻ ... (39) 

 

𝑢ଶ௦௧௪_ ൌ െ𝛿ଶሺ𝑥, 𝑡ሻ ... (40) 
 

The reachability conditions are chosen as super-
twisting SMC given as in Eqs. 41 and 42. 
 

𝑢ଵ௦௧௪_ௗ௦ ൌ െ𝛽ଵଵ|𝑠ଵ|𝑠𝑖𝑔𝑛ሺ𝑠ଵሻ െ 𝛽ଵଶ  𝑠𝑖𝑔𝑛ሺ𝑠ଵሻ𝑑𝑡
௧
   

 ... (41) 
 

𝑢ଶ௦௧௪_ௗ௦ ൌ െ𝛽ଶଵ|𝑠ଶ|𝑠𝑖𝑔𝑛ሺ𝑠ଶሻ െ 𝛽ଶଶ  𝑠𝑖𝑔𝑛ሺ𝑠ଶሻ𝑑𝑡
௧
   

 ... (42) 
 

Finally, the control law pitching angle and net 
buoyancy are written in Eqs. 43 and 44. 
 

𝑢ଵ ൌ 𝑢ଵ௦௧௪_  𝑢ଵ௦௧௪_ௗ௦ ൌ
ଵ

భ
ሺ𝑓ଵ െ 𝑔ଵ𝛿ଵ  𝑐ଵ𝑒ሶଵ െ

𝑥ሷଵௗሻ െ 𝛽ଵଵ|𝑠ଵ|𝑠𝑖𝑔𝑛ሺ𝑠ଵሻ െ 𝛽ଵଶ  𝑠𝑖𝑔𝑛ሺ𝑠ଵሻ
௧
 𝑑𝑡 ... (43) 

 

𝑢ଶ ൌ 𝑢ଶ௦௧௪_  𝑢ଶ௦௧௪_ௗ௦ ൌ െ𝛿ହሺ𝑥, 𝑡ሻ െ

𝛽ଶଵ|𝑠ଶ|𝑠𝑖𝑔𝑛ሺ𝑠ଶሻ െ 𝛽ଶଶ  𝑠𝑖𝑔𝑛ሺ𝑠ଶሻ
௧
 𝑑𝑡 ... (44) 

 

Where, c1 is positive constant and 𝛽ଵଵ, 𝛽ଵଶ, 𝛽ଶଵ and 
𝛽ଶଶ are super twisting controller parameters which are 
positive constants. 
 
B. Variable Gain Super Twisting SMC (VGSTW) 

Variable Gain Super Twisting (VGSTW) is an 
algorithm proposed by Dávila et al.31. This algorithm 
is proposed to overcome the shortcomings of original 
super twisting algorithm which allows to deal with 
perturbations growing linearly in s. The proposed 
control law of VGSTW is defined is written in Eqs. 
45 and 46. 

 

𝑢ଵ௩௦௧௪ ൌ 𝑢ଵ௩௦௧௪_  𝑢ଵ௩௦௧௪_ௗ௦ ... (45) 
 

𝑢ଶ௩௦௧௪ ൌ 𝑢ଶ௩௦௧௪_  𝑢ଶ௩௦௧௪_ௗ௦ ... (46) 
 

In this study, the sliding surface is designed based 
on original STW as written in Eqs. 35 and 36 which 
results in same equivalent controls as written in Eqs. 
39 and 40. The discontinuous controls (𝑢ଵ௩௦௧௪_ௗ௦, 
 𝑢ଶ௩௦௧௪_ௗ௦) are defined as proposed in Dávila31. The 
discontinuous control laws for VGSTW are written in 
Eqs. 47 and 48. 
𝑢ଵ௩௦௧௪ೞ

ൌ

െ𝛾ଵଵሺ𝑡, 𝑥ሻ𝜑ଵଵሺ𝑠ଵሻ െ  𝛾ଵଶሺ𝑡, 𝑥ሻ𝜑ଵଶሺ𝑠ଵሻ
௧
 𝑑𝑡 ... (47) 
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𝑢ଶ௩௦௧௪_ௗ௦ ൌ

െ𝛾ଶଵሺ𝑡, 𝑥ሻ𝜑ଶଵሺ𝑠ଶሻ െ  𝛾ଶଶሺ𝑡, 𝑥ሻ𝜑ଶଶሺ𝑠ଶሻ
௧
 𝑑𝑡  ... (48) 

 

Where, 𝜑ଵଵሺ𝑠ଵሻ ൌ |𝑠ଵ|ଵ ଶൗ 𝑠𝑖𝑔𝑛ሺ𝑠ଵሻ  𝛾ଵଷ𝑠ଵ; 

𝜑ଵଶሺ𝑠ଵሻ ൌ
ଵ

ଶ
𝑠𝑖𝑔𝑛ሺ𝑠ଵሻ 

ଷ

ଶ
𝛾ଵଷ|𝑠ଵ|ଵ ଶൗ 𝑠𝑖𝑔𝑛ሺ𝑠ଵሻ 

𝛾ଵଷ
ଶ 𝑠ଵ; 𝜑ଶଵሺ𝑠ଶሻ ൌ |𝑠ଶ|ଵ ଶൗ 𝑠𝑖𝑔𝑛ሺ𝑠ଶሻ  𝛾ଶଷ𝑠ଶ; 

𝜑ଶଶሺ𝑠ଶሻ ൌ
ଵ

ଶ
𝑠𝑖𝑔𝑛ሺ𝑠ଶሻ 

ଷ

ଶ
𝛾ଶଷ|𝑠ଶ|ଵ ଶൗ 𝑠𝑖𝑔𝑛ሺ𝑠ଶሻ 

𝛾ଶଷ
ଶ 𝑠ଶ 

 

Finally, the VGSTW control laws are defined in Eqs. 
51 and 52. 
𝑢ଵ௩௦௧௪ ൌ
ଵ

భ
ሺ𝑓ଵ െ 𝑔ଵ𝛿ଵ  𝑐ଵ𝑒ሶଵ െ 𝑥ሷଵௗሻെ𝛾ଵଵሺ𝑡, 𝑥ሻ𝜑ଵଵሺ𝑠ଵሻ െ

 𝛾ଵଶሺ𝑡, 𝑥ሻ𝜑ଵଶሺ𝑠ଵሻ
௧
 𝑑𝑡  ... (49) 

 

𝑢ଶ௩௦௧௪ ൌ െ𝛿ହሺ𝑥, 𝑡ሻെ𝛾ଶଵሺ𝑡, 𝑥ሻ𝜑ଶଵሺ𝑠ଶሻ െ

 𝛾ଶଶሺ𝑡, 𝑥ሻ𝜑ଶଶሺ𝑠ଶሻ
௧
 𝑑𝑡 ... (50) 

 

Where, 𝛾ଵଵ, 𝛾ଵଶ, 𝛾ଵଷ 𝛾ଶଵ, 𝛾ଶଶ and 𝛾ଶଷ are variable 
gain super twisting controller parameters which are 
positive constants. 
 

C. Stability analysis 
This section discusses the stability analysis of the 

proposed controller algorithm VGSTW. The stability 
analysis is important to ensure the convergence of the 
controlled parameters are stabilized at the desired 
value via ensuring the sliding mode using lyapunov 
stability theorem as explained in the following. 

Theorem 1: Consider the nonlinear system in Eqs. 
29 to 30 subjected to bounded uncertainty in equation 
27 with assumptions, the system is proper (𝑚 ൌ 𝑝) 
and minimum phase where the zero dynamic of the 
system is asymptotically stable. If the sliding 
manifolds (𝑠) as written in Eqs. 35 and 36 the 
discontinuous controls (𝑢ௗ௦) as written in Eqs. 47 
and 48 then the convergence conditions are satisfied. 

Proof: Let consider the lyapunov functions, and 
their time derivatives in Eqs. 53, 54, 55 and 56, 
respectively. 

 

𝑉ଵሺ𝑠ଵሻ ൌ
ଵ

ଶ
𝑠ଵ
ଶ … (53) 

 

𝑉ଶሺ𝑠ଶሻ ൌ
ଵ

ଶ
𝑠ଶ
ଶ ... (54) 

 

𝑉ሶଵሺ𝑠ଵሻ ൌ 𝑠ଵ𝑠ሶଵ … (55) 
 

𝑉ሶଶሺ𝑠ଶሻ ൌ 𝑠ଶ𝑠ሶଶ … (56) 
 

Substitute the Eqs. 37 and 38 into Eqs. 55 and 56, 
obtain Eqs. 57 and 58. 

𝑉ሶଵሺ𝑠ଵሻ ൌ 𝑠ଵሼ𝑐ଵ𝑒ሶଵ  𝑓ଵሺ𝑥, 𝑡ሻ െ 𝑔ଵ𝑢ଵ௩௦௧௪ሺ𝑥, 𝑡ሻ െ
𝑔ଵ𝛿ଵሺ𝑥, 𝑡ሻሽ ... (57) 
 

𝑉ሶଶሺ𝑠ଶሻ ൌ 𝑠ଶሼ𝑢ଶ௩௦௧௪  𝛿ହሺ𝑥, 𝑡ሻሽ ... (58) 
 

Now substitute the equation 49 into equation 57, 
and equation 50 into equation 58 which give  

 

𝑉ሶଵሺ𝑠ଵሻ ൌ 𝑠ଵሼെ𝛾ଵଵሺ𝑡, 𝑥ሻ𝜑ଵଵሺ𝑠ଵሻ െ  𝛾ଵଶሺ𝑡, 𝑥ሻ𝜑ଵଶሺ𝑠ଵሻ
௧
 𝑑𝑡ሽ  

 ... (59) 

𝑉ሶଶሺ𝑠ଶሻ ൌ 𝑠ଶሼെ𝛾ଶଵሺ𝑡, 𝑥ሻ𝜑ଶଵሺ𝑠ଶሻ െ න 𝛾ଶଶሺ𝑡, 𝑥ሻ𝜑ଶଶሺ𝑠ଶሻ
௧


𝑑𝑡 

 ... (60) 
 

The following sufficient conditions for finite time 
convergence must be satisfied32-33. 
 

𝛾ଵ
ଶ 

4𝐶𝐾ெሺ𝛽ଶ  𝐶ሻ
𝐾ଶ𝐾ሺ𝛽ଶ െ 𝐶ሻ

 

 

𝛾ଶ 
𝐶
𝐾

 
 

0 ൏ 𝑝  0.5 
 

𝛾ଷ  0 allows to deal with perturbations growing 
linearly in 𝑠, i.e. outside of the sliding surface, and the 
variable gains 𝛾ଵ and 𝛾ଶ makes it possible to render 
the sliding surface insensitive to perturbations 
growing with bounds given by known functions31. 
 
Results and Discussion 

In this section the performance of the proposed 
controller VGSTW is compared with the performance 
of original STW for the nominal system, existence of 
input matched disturbance and parameter variations. 
All the system parameters used in this study are 
adopted from Graver’s work2. All the parameters are 
depicted in Table 2. 

The controllers were simulated for the glide  
angle switching from 25° downward to 25° upward.  

Table 2 — Parameter values of the glider 

Parameter Value Unit 

Hull mass, 𝑚ℎ 40 kg 
Internal sliding mass, 𝑚 9 kg 

Displaced fluid mass, 𝑚ௗ 50 kg 

Added mass, 𝑚ଵ,𝑚ଶ,𝑚ଷ 50, 60, 70 Kgm2 

Inertia, 𝐽ଵ, 𝐽ଶ, 𝐽ଷ 4, 12, 11 - 
Lift coefficient, 𝐾ை,𝐾) 0, 132.5 - 
Drag coefficient, 𝐾ை,𝐾 2.15, 25 - 
Moment coefficient, 𝐾ெை ,𝐾ெ 0, -100 - 
Constant coefficient, 𝐾ఠమ

భ ,𝐾ఠమ
మ 50, 50 - 
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The responses for nominal system are shown in 
Figures 2 – 4. 

Both controllers stabilized in the vicinity of  
the desired values. From Figures 2 – 4, VGSTW 
provides the faster tracking at about t = 8 seconds and 
STW settling time about 10 seconds for pitching 
angle and glide angle. Both controllers provide less 
than 1 second settling time for net buoyancy. 
However, VGSTW provides smaller steady state error 
than STW. VGSTW demonstrates better control effort 

and better convergence in sliding surface as shown  
in Figures 3 & 4. The chattering exhibit in control 
input 𝑢ଵ. However, the responses are in downward 
trend and amplitude less than 20 with VGSTW 
provides the smaller amplitude. 

In this study, water current is considered as  
input matched external disturbance. The input 
matched external disturbance of 𝛿ଵሺ𝑥, 𝑡ሻ ൌ
5𝑥ଵsin ሺ𝜋𝑡ሻ and 𝛿ଶሺ𝑥, 𝑡ሻ ൌ 0.1𝑥sin ሺ𝜋𝑡ሻ were 
induced to input 𝑢ଵ and 𝑢ଶ, respectively. The 

 
 

Fig. 2 — (a) Pitching angle, θ, and (b) Net buoyancy, 𝑚 (without disturbance) 
 

 
 

Fig. 3 — (a) Control inputs 𝑢ଵ, and (b) Control input, 𝑢ଶ (without disturbance) 
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simulation results for induced disturbance are shown 
in Figures 5 – 7. 

All the controllers are stabilized in the vicinity of 
the desired values. The VGSTW is able to retain the 
performance of nominal system for pitching and glide 
angles whereas STW provides small oscillation in the 
vicinity of desired angles. In net buoyancy both 
controllers demonstrate oscillation in vicinity of 
desired value with VGSTW provides lower 
amplitude. The control effort 𝑢ଵ for both controllers 
reduced more than half of the control in nominal case 

with VGSTW shows above half the control of STW. 
However, both controllers provide almost same 
control effort of 𝑢ଶ. The sliding surface 𝑠ଵ of both 
controllers are converged in vicinity of origin with 
VGSTW in range less than േ5 ൈ 10ିହ whereas STW 
in range of േ5 ൈ 10ିଷ. However, both controllers 
demonstrate similar performance in sliding surface 𝑠ଶ 
where within less than േ1 ൈ 10ିଶ with VGSTW 
gives slightly lower oscillation than STW. The 
VGSTW has improved about more than 50 % of 
performance of nominal case. 

 

 
 

Fig. 4 — (a) Sliding surface 𝑠ଵ, and (b) Sliding surface 𝑠ଶ (without disturbance) 
 

 
 

Fig. 5 — (a) Pitching angle, θ, and (b) Net buoyancy, 𝑚 (with disturbance) 
 



MAT-NOH et al.: VGSTW APPLICATION IN LONGITUDINAL PLANE OF AUG 
 
 

911

The parameter variations are applied to the  
system time t = 30 seconds. The parameters of all 
hydrodynamic coefficients were increased by 30 % of 
the original values. The simulation results are shown 
in Figures 8 & 9. 

Both controllers able to retain the performance 
nominal even with 30 % of increment in 

hydrodynamic coefficients. The effect of the 
increment only can be seen in glide and pitching 
angles since the dynamic of net buoyancy does not 
contains hydrodynamic coefficients. In this case 
VGSTW provides better performance as compared to 
original STW. The controller gains of the proposed 
controller for all cases are summarised in Table 3. 

 
 

Fig. 6 — (a) Control input, 𝑢ଵ, and (b) Control input, 𝑢ଶ (with disturbance) 
 

 
 

Fig. 7 — (a) Sliding surface, 𝑠ଵ, and (b) Sliding surface, 𝑠ଶ (with disturbance) 
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Conclusion 
In this paper variable super twisting sliding mode 

control (VGSTW) is designed and proposed for robust 
tracking and robust rejection against disturbance and 
parameter variations of an autonomous underwater 
glider. The simulation results have shown that the 
proposed controller provides a good performance under 
existence of disturbance and parameter variations and 
chattering is reduced. Simulation results also shown that 

the VGSTW can be further improved by introducing 
optimization method for tuning parameters of the 
controller which will directly improve the controller 
performance. This will become the next research work 
in future. 
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