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The unsteady mixed convective flow of micropolarnanofluid over an impulsively stretched vertical surface has been
examined. A model has been developed to analyze the behavior of nanofluids in presentmicropolar fluids studied
numerically for both cases of assisting and opposing flow taking into account the thermal convective boundary condition. A
model has been developed to analyze the behavior of nanofluids containing metallic nanoparticles as copper (Cu)and
nonmetallic nanoparticles as alumina (Al,03) in water-micropolarnanofluidhave been considered. The governing partial
differential equations have been transformed to non-similar differential equations then have been solved numerically by
using theRunge-Kutta-Fehlberg method of seventh order (RKF7). The results have been compared with the published results

and are found in excellent agreement.
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1 Introduction

Conventional heat transfer fluids such as oil, water,
and ethylene glycol play an important role in
scientifically, industrial and engineering processes’.
The heat transfer improvements are necessary in the
development and manufacturing of electronic devices.
Many researchers studied the stagnation flow and heat
transfer problems for stretching surfaces with
different forms of stretching velocity, one of them;
Ramachandran et al.? studied the mixed convection in
stagnation flows adjacent to vertical surface. The
unsteady mixed convection in the stagnation flow on
a heated vertical plate is studied by Seshadri et al.?
Choi* introduced an innovative technique, which used
a mixture of nanoparticles and the base fluid in order
to develop advanced heat transfer fluids with
substantially higher conductivities. He referred to the
resulting mixture as a nanofluid. Jang and Choi® were
the first to use the term 'nanofluid’ to refer to a fluid in
which nanoparticles are suspended. Nanofluid is
considered one of the efficient passive strategies in
heat transfer enhancement for the purpose of
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improving the efficiency of many thermal systems
such as: solar collectors, thermal storage, cooling of
(electronic components, transformers and
engine/vehicle) and nuclear reactors. When
nanofluids used in automobile cooling system
(radiator), then the heat rejected will be large enough
in such a way that the radiator is not necessary placed
in the automobile front, this enables redesigning the
automobile with less drag front which in turn reduces
fuel consumption up to 5%.Nanofluid has high
thermophysical properties in thermal conductivity and
convective heat transfer coefficient and thus is
expected to increase the heat transfer performance of
the base fluids®. Many researchers in recent years
have been interested in studying the nanofluid and
many studies related to nanofluids characteristics are
very well described in the book by Das et al.” and in
the review papers by Buongiorno®, Kaka¢ and
Pramuanjaroenkij®, ~Wang and  Mujumdar®™.
Kuznetsov and Nield" studied the problem of natural
convection boundary layer flow of a nanofluid past a
vertical flat plate. Khan and Pop**have analyzed the
problem of steady boundary layer flow, heat transfer
and nanoparticle fraction over a stretching surface in a
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nanofluid. Syakila and Pop®® studied steady mixed
convection boundary layer flow past a vertical flat
plate embedded in porous medium filled with
nanofluids is studied wusing different types of
nanoparticles. The problem of free convection
boundary layer of non-Newtonian fluid along a
vertical cone embedded in a porous medium saturated
with nanofluid is considered by Rashadet al.'*. They
studied the problem of mixed convection flow of a
nanofluid from a horizontal circular cylinder
embedded in a porous medium with convective
boundary condition. Chamkhaet al.***° studied the
problems of mixed convection boundary layer flow
over a wedge and cone embedded in a porous
medium. Rashad et al.'’ presented the problem of
natural convection boundary layer flow adjacent to a
vertical cylinder embedded in a thermally satisfied
nanofluid saturated non-Darcy porous medium.
Rashad et al."® have analyzed the problem of mixed
convection flow of a nanofluid from horizontal
circular cylinder embedded in a porous medium with
convective boundary condition. Hakiem and Rashad™
have considered unsteady mixed convection flow of a
nanofluid over an impulsively stretched vertical
surface under convective boundary condition.

The micropolar fluid theory is a fluid flow theory
which takes into consideration the micro rotation of a
nanoparticles that could potentially clarify the
theoretically and the experimental results. Physically,
the micropolar fluids may characterize fluids
consisting of rigid, randomly spherical (or oriented)
particles suspended in a viscous medium, where the
deformation of fluid particles is ignored. Eringen®
introduced that the Navier-stokes equations can be
considered as a micropolar fluid. Micropolar fluid is
defined as a fluid with microstructure which belongs
to a class of fluids with non-symmetric stress tensors.
Eringen” also  developed the theory of
thermomicropolar fluids by extending the theory of
micropolar fluids.Some applications of micropolar
fluid mechanics have been given by Ariman et al.?
They studied the inadequacy of the classical Navier-
Stokes theory to describe rheological complex fluids
such as liquids crystals, which has led to the
development of micro continuum fluid mechanics as
an extension of the classical theory.Aziz** presented
an analysis for the unsteady mixed convection flow of
a viscous incompressible micropolar fluid adjacent to
a heated vertical surface in the presence of viscous
dissipation when the buoyancy force assists or

opposes the flow. Recently, there are useful books of
micropolar theory by Lukaszewicz®* and Eringen®.
Takhar et al.®® had carried out a research on
mixed convection flow of a micropolar fluid over
a stretching sheet. Nazar et al.*’had studied similar
problem but for the stagnation point case.
Khan et al.”® had solved alike problem for nanofluid.
Ahmed and Rashad® investigated the effects of
anisotropic porous medium on the natural convection
of micropolarnanofluids inside a rectangular
enclosure. Also, a thermal stratification and
suction/injection effects on flow and heat transfer
of micropolar fluid due to stretching cylinder is
analyzed by Mansour et al.*® Cheng®investigated the
natural convection boundary layer flow of a
micropolar fluid near a vertical permeable cone with
variable wall temperature.

The principle goal of this work is to study unsteady
mixed convection boundary layer and heat transfer of
a nanofluid flow over a heated vertical linearly
stretched sheet in a micropolar fluid with both of
assisting and opposing external laminar flow taking in
to account the thermal convective boundary condition.

2 Problem Formulations

Consider unsteady mixed convection boundary
layer flow and heat transfer of micropolar nanofluids
over a heated vertical linearly stretched surface for
both cases of assisting and opposing flow with the
impacts of the thermal convective boundary condition
and partial slip. Two equal and opposite forces are
impulsively applied along the x-axis so that the wall is
stretched, keeping the origin fixed in the nanofluid of
ambient temperature T.. It is maintained that the sheet
surface is heated by convection from a hot fluid at the
temperature T; which provides a heat transfer
coefficient hy, is to be suddenly increased or decreased
to the value T.. The sheet surface is either heated or
cooled by convection from a ferrofluid of temperature
T¢ such that T; >T,, corresponding to a heated surface
(assisting flow) and T; <T,, corresponding to a cooled
surface (opposing flow), respectively. Initially (t < 0)

, the sheet has uniform temperature T  and it is at rest

in an unbounded quiescent fluid having constant
temperature T,. At t=0, the sheet surface is
impulsively stretched with velocity U(x)=ax which
varies linearly with the distance x along the, and the
temperature at the sheet surface is suddenly changed
to constant values T;>T,, and subsequently maintained
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at that temperature surface. The flow is assumed to be
laminar and a micropolar nanofluid is given to be
Newtonian, incompressible  and  electrically
conducting with uniform properties and thermal
equilibrium between the in a water-based micropolar
nanofluid containing different type of nanoparticles:
Copper (Cu), and nonmetallic nanoparticles, alumina
(Al,03). Thermophysical properties of the nanofluid
are presented in Table 1(Sheikholeslami and
Bandpy®*). The thermophysical properties of water
and nanoparticles are presented in Table 2 for the
micropolar nanofluid are also assumed to be fixed
except for the density variation in the buoyancy force,
which is evaluated based on the Boussinesq
approximation. Considering the famous formulation
of Tiwari and Das™, thus the fundamental equations
under the Boussinesq approximation for unsteady
flow are(Ishak et al.?):
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The corresponding initial and boundary conditions
for this problem can be written as:
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where t, x and y represent time, tangential distance,
and transverse or normal distance, respectively. u,
v and T are the fluid tangential velocity, normal
velocity and the nanofluid temperature, respectively.
g and h; are the acceleration due to gravity and heat
transfer coefficient, respectively. a is constant and
Ue=ax, is the velocity of the wall at t>0. py is the is
the effective density of the nanofluid, us is the
effective dynamic viscosity of the nanofluid and ay is

Table 2 — Thermo-physical properties of water and nanoparticles ¥,

Property Pure water Copper (Cu) Alumina Al,O5
p(kg m?) 997.1 8933 3970
Cp (kg™ K™ 4179 385 765
k(W m?tK?h 0.613 401 40
B (K 21 x10° 1.67x10°  0.85x10°

Table 1 — Comparison of f"(£,0)and —-¢'(£,0) for different values of 1 and Pr for (¢&=x= 0 and Bi— o) at £&=1.0 (steady-state flow).

Pr pi Ishak et al.®
£"(1,0) -6'(1,0)
0.7 0 -1.0000 0.7937
1.0 -0.5076 0.8961
10 2.5777 1.1724
100 21.8052 1.8075
1.0 0 -1.0000 1.0000
1.0 -0.5608 1.0873
10 2.3041 1.3716
100 20.3786 2.0667
3.0 0 -1.0000 1.9237
1.0 -0.7092 1.9743
10 1.4567 2.2442
100 15.9716 3.1042
7.0 0.0 -1.0000 3.0722
1.0 -0.7962 3.1055
10 0.8505 3.3318
100 12.7216 4.2663

Present results

£"(1,0) —-6'(1,0)
-1.00000 0.79371
-0.50763 0.89613
2.57772 1.17244
21.80527 1.80756
-1.00000 1.00000
-0.56081 1.08733
2.30414 1.37164
20.37862 2.06673
-1.00000 1.92374
-0.70924 1.97433
1.45673 2.24424
15.97168 3.10427
-1.00000 3.07221
-0.79621 3.10553
0.85054 3.33185
12.72167 4.26636
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the thermal diffusivity of the nanofluid, (pCy)x is the
heat capacitance of nanofluid, (pf). is the thermal
expansion coefficient of the nanofluid which are
given by (Tiwari and Das™):
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Here, ¢ is the is the nanoparticle volume fraction
parameter, z4 is the dynamic viscosity of the basic
fluid, pr and ps are the thermal expansion coefficients
of the base fluid and nanoparticle, respectively, pr and
ps are the densities of the basic fluid and nanoparticle,
respectively, k is the effective thermal conductivity
of nanofluid which is given as:

knf (ks+2kf)_2¢(kf _ks)
LA , (7
ke (ko +2k, )+glk, —k,)

where, ks is the thermal conductivity of the
nanoparticles and k; is the thermal conductivity of
base fluid.

It is convenient to non-dimensionalize and
transform Eq. (1) through Eq. (4) by using:

w=(av )26 2xt (£).N =ax@lv )Y 267 2g(e ),

U:(a/Uf )1/25_1/2)/,3::1—9_1:

T-T, ,u:a_z//NZ oy
Tf _Too 6y

t" =at,0(&,7) = = ...(8)

Substituting Egs. (5-8) into Eg. (1) through Eqg. (4)
leads the following non-dimensional equations:
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where, Eq. (1) is identically satisfied. In Egs. (9-11),
the prime indicates differentiation with respect to 7
and the parameters I';, I';and I';are given by:
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The transformed initial and boundary conditions
become:
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Here 1 =Gr, /Re’is the mixed convection
parameter, Gr,=g"g, (T, =T, )*/v? is the local
Grashof number, Re, =(U.x/v,) is the local
Reynolds numbers, Bi =h, (v, /af’?/k, is the Biot
number, &§=N,u, (alv,)"* is the slip factor,
Pr=u,(pC,); /k, is the Prandtl number. It should be

noted that 2>0 is for heated surface (assisting flow),
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A<0 is for cooled surface (opposing flow) and A=0
corresponds to the forced convection flow. Further,
¢ =0 corresponds to a regular fluid and Bi—o to the
isothermal surface. In this case, Eqgs (9-11) reduce to
those for the problem of unsteady mixed convection
boundary-layer flow over an impulsively stretched
vertical surface reported by Ishak et al.”® as ¢=«= 0
and Bi— oo.

Of special significance for this type of flow and
heat transfer situation are the local skin-friction
coefficient and local Nusselt number. These physical
parameters can be defined in dimensionless form as:
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3 Numerical Method

The problem of unsteady mixed convective flow of
micropolar nanofluid is investigated and a model is
developed to analyze the behavior of nanofluids
numerically for both cases of assisting and opposing
flow taking into account the thermal convective
boundary condition. The governing partial differential
equations are converted into non-linear ordinary
differential equations by  using  suitable
transformations. These equations are solved
numerically by means of Runge-Kutta-Fehlberg
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method of seventh order (RKF7).The details of this
method can be finding in literature®®. The
convergence is assumed to be 10°.

4 Results and Discussion

An unsteady mixed convective flow of micropolar
nanofluid over an impulsively heated stretched
vertical surface in the presence of metallic and
nonmetallic nanoparticles taking in account thermal
convective boundary condition and partial slip has
been investigated.

The effect of solid volume of nonmetallic
nanoparticles Al,Os; on dimensionless velocity for
both heated and cooled surface are depicted in
Fig. 1(a and b), respectively, with other parameters
maintained constant slip factor 6=0.1 and Biot number
Bi=10.As expected, the dimensionless velocity is
maximum for dimensionless boundary layer thickness
n=0 correspond to y=0 which means near the vertical
surface then tend to zero while moving away of
vertical linearly stretched surface. It can be seen that
that the velocity profile increases significantly with
respect to assisting flows while it decrease
meaningfully with opposing flows, therefore, the
thickness of hydrodynamic boundary layer also
depends upon. It indicates that applying assisting
flows effect which means that the surface is heated (1
> 0), leads to a thermal buoyancy forces manifested
by a substantial overshoot in the dimensionless
velocity near the vertical stretched surface for higher A
nonetheless for lower heated surface 0.1 <1 < 10 the
overshoot in velocity profile disappear. It should be
noted that for opposing flow (1<0) which means that
the surface is cooled therefore the thermal buoyancy
forces lessens the dimensionless velocity expressively
within the boundary layer and opposite flows arises
for A=-50 at n=1. It is further observed that the
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Fig. 1 — Effect of solid volume of Al,O; nanoparticles on dimensionless velocity for early initial unsteady (a) assisting and (b) opposing flows.
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volume fraction of Al,Oz; has neglected effect on
dimensionless velocity; this can be attributed to the
lesser density of Al,Os nanoparticles.

The effects of solid volume of metallic
nanoparticles Cu on dimensionless velocity for both
assisting and opposing flows are illustrated in
Figs 2(a) and 1(b), respectively, with other parameters
maintained constant slip factor 6=0.1 and Biot number
B;=10. It is remarked that the dimensionless velocity
increase with mixed convection parameter A in case of
applying assisting flows however, it decreases when
applying opposing flows (A<0). It is found that the
dimensionless velocity has the similar behavior for
both Al,O; and Cu nanoparticles, nevertheless we
realize that the magnitude of the overshoot in velocity
profile near the vertical surface increases with
metallic than nonmetallic nanoparticles. This is due to
the fact that the influence of thermal buoyancy force
is more pronounced in case of metallic nanoparticles
due to the higher density of the copper (Cu) compared
to alumina (Al,Oz), therefore, the dimensionless
velocity augment in the boundary layer as the
assisting flows simulate gradient pressure. It is

1.2

7=0.1, 10, 50 ¢

@)

———— 1]}
8=0.1, \5:0.1
n=K=1, Bi=10
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worthwhile to note that Fig. 2 proves that the volume
fraction of Cu nanoparticles affects clearly the
velocity profile more than Al,Os; nanoparticles, It
indicates that the dimensionless velocity decreases
with solid volume of Cu nanoparticle, this can be
interpreted by the fact that the Al,O3 nanoparticles has
less density than Cu nanoparticles.

Figure 3(a, b) displays the variation of
dimensionless temperature with solid volume of Al,O;
nanoparticles and mixed convection parameter A for
both assisting and opposing flows with further
parameters reserved constant, respectively. It can be
seen that the temperature profile has moderate
increasing with volume fraction of Al,Oz; whereas it
decline with mixed convection parameter in case of
assisting flow A>0 and increase for opposing flows A<0,
therefore the thickness of thermal boundary layer also
depends upon. In an unexpected and perplexing results,
it is therefore found that the assisting/opposing flows
parameters have no effects on the thermal boundary
layer thickness, this can be elucidated by the fact that
assisting/opposing flows parameters affect
meaningfully the velocity profile which leads to no

2=-0.1, -10, '50____— (;b
EUE— X1 L]
8=0.1, £=0.1
n=K=1, Bi=10

Fig. 2 — Effect of solid volume of Cu nanoparticles on dimensionless velocity for early initial unsteady (a) assisting and (b) opposing flows.

0.8

(@) o
»=0.1,10,50  —=——- 0
s 10105
$=0.1, £=0.1
n=K=1, Bi=10
B=0.01
0 MM&_.—_
1 1 1
0 0.5 1 15
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enough time for unsteady mixed convective flow to get
heat from the stretched vertical surface. Moreover, the
effect of A is more pronounced in velocity profile than
temperature profiles for the reason that A not involved
precisely in Eqg. (11). It is meaningful to note that for
the case of regular fluid (¢=0) the assisting and
opposing flows does not affect the temperature profile.

Figure 4(a, b) exhibits, respectively, the variation
of dimensionless temperature with solid volume of
Cu nanoparticles and mixed convection parameter A
for both assisting and opposing flows, other
parameters are kept constant. It is found that the
dimensionless temperature has the similar behavior
for both Al,O; and Cu nanoparticles, as observed that
the dimensionless temperature declines with 7 from
highest value for n=0 to zero value for n=2. It can
be interpreted from Figs 3 and 4 that changing
nanoparticles  form  nonmetallic  nanoparticles
Al,O; to metallic nanoparticles Cu does not alters
temperature profile which means that in this case
nanoparticle density does not affect dimensionless
temperature, therefore the thickness of thermal
boundary layer remains unvarying regarding density
of nanoparticles.

779

The effect of solid volume of nonmetallic
nanoparticles Al,O3 on skin friction in fully developed
flow regime for assisting and opposing flows are
presented respectively in Fig. 5 (a, b). It is perceived
that the skin friction decreases expressively along the
stretched vertical surface, this behavior is in good
agreement with the Eq. (12), moreover the skin friction
lessen with both volume fraction and mixed convection
parameter A in case of assisting flow, while it increases
with mixed convection parameter A in case of opposing
flow. It can be interpreted on this fact that the
increasing on velocity profile which in turn leads to
augment Reynolds number and as exposed in Eqg. (12)
that the skin friction decrease with Reynold number,
moreover augmenting on Reynolds number leads to
reduce viscous forces compared to inertial forces
which in turn shearing stress declines, subsequently,
the skin friction decreases. It is important to note that
the effect of opposing flows on skin friction in fully
developed flow regime is more pronounced that of
assisting flow, the physical reason behind this is that
the pressure near the stretched vertical surface is
greater than far from the surface due to manifested
thermal buoyancy forces.

0.8 0.8
@ n (b) b
3=0.1,10,60 ————v 0 A=0.1, 10, 60 ———o h
[Rm— | }{ 1.1 P RS e
0.6 0.61% 0.05
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5=0.1, £20.1 _
= o4l —~ oul n=K=1, Bi=10
£94r n=K=1, Bi=10 | < *4[
D D
_ B=0.01 i
0.2+ 0.2
of — ok
1 1 L 1 1 1
0 0.5 1 1.5 0 05 1 1.5 2

Fig. 4 — Effect of solid volume of Cu nanoparticles on dimensionless temperature for early initial unsteady (a) assisting and (b) opposing flows.
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Fig. 5 — Effect of solid volume of Al,O; nanoparticles on skin friction in fully developed flow regime for (a) assisting and (b) opposing flows.
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Figure 6 (a, b) present, respectively, the effect of
solid volume of Cu nanoparticles on skin friction in
fully developed flow regime for assisting and
opposing flows, other parameters are kept constant.
The skin friction for the metallic nanoparticle Cu
declines sensitively along the stretched vertical
surface as in case on nonmetallic nanoparticles Al,Os.
It is found that the solid volume fraction and mixed
convection parameter A for both case assisting and
opposing flows have the same effect on skin friction
for metallic nanoparticle Cu and for nonmetallic
nanoparticles Al,Os. It is further observed that for
both nanoparticles Al,O; and Cu, the skin friction has
the highest value at the commencing of stretched
vertical surface and drops up to zero at &=1. This is
due to growth in the dimensionless velocity inside the
boundary layer with respect to mixed convection
parameter as revealed by Figs 1 and 2 and
consequently leads to intensification in the boundary
layer thickness. It is worthwhile to note that for
highest value of both solid volume fraction and mixed
convection parameter the skin friction is very small
for mutually metallic and nonmetallic nanoparticles.

4
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The effect of solid volume of Al,O; nanoparticles
on dimensionless heat transfer rate in fully developed
flow regime for assisting and opposing flows are
exposed, respectively, in Fig. 7 (a and b), with other
parameters sustained constant slip factor 6=0.1 and
Biot number B;=100.As observed the heat transfer rate
decreases with along the stretched vertical surface
attaining the highest value at the beginning of
stretched vertical surface and drops up to minimal
value at &=1. This effect is mathematically obvious in
Eqg. (13) showing Nusselt number.Additionally, the
heat transfer rate increases with both solid volume ¢of
Al,0O; nanoparticles and mixed convection parameter
A in case of assisting flows, whereas, it decreases with
mixed convection parameter A in case of opposing
flows. Physically, this can be attributed to the increase
of temperature gradient with respect to solid volume
fraction as revealed by Fig. 3 (a, b). It is valuable to
note that the heat transfer rate for regular fluid
(water ¢=0) are lesser and augment with volume
fraction of nanoparticle, this can be interpreted by
the fact that increasing on solid volume fraction
of nanoparticles leads to augment the thermal
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Fig. 6 — Effect of solid volume of Cu nanoparticles on skin friction in fully developed flow regimefor (a) assisting and (b) opposing flows.
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Fig. 8 — Effect of solid volume of Cu nanoparticles on dimensionless heat transfer rate in fully developed flow regimefor (a) assisting and

(b) opposing flows.

conductivity. Nevertheless, the effects of mixed
convection parameter on the heat transfer rate are
not noticeable.

Figure 8 (a, b) depict, respectively, the effect of
solid volume of Cu nanoparticles on dimensionless
heat transfer rate in fully developed flow regime for
assisting and opposing flows, with other parameters
kept fixed: slip factor =0.1 and Biot number B;=100.
As shown in Fig. 7 in case of metallic nanoparticle
Cu, the heat transfer rate dropalong the stretched
vertical surface from the highest value at the
beginning of stretched vertical surface and lessen to
minimal value at &=1. We realize that the heat transfer
rate behaviors for both metallic and nonmetallic
nanoparticle are similar. It can be interpreted on this
fact that the convective heat transfer is dominant
compared to conductive heat transfer one at the
beginning of stretched vertical surface and along the
surface the conductivity will be dominant.

5 Conclusions

An unsteady mixed convective flow of nanofluids
containing  metallic  nanoparticles (Cu) and
nonmetallic  nanoparticles (Al,03) in  water-
micropolar nanofluid for both cases of assisting and
opposing flow over an impulsively heated stretched
vertical surface in the presence of partial slip thermal
convective boundary condition and has been
inspected numerically by means of Runge-Kutta-
Fehlberg method of seventh order (RKF7).

The comparative results presented for the case of
metallic and non-metallic nanoparticles for both
assisting and opposing flows are mentioned as follows:
(i) The velocity profile increases significantly with

respect to assisting flows while it decreases

(i)

(iii)

(iv)

(v)

(vi)

(vii)

meaningfully with opposing flows for both
metallic and nonmetallic nanoparticle.

Metallic nanoparticle Cu alters significantly the
dimensionless velocity more than nonmetallic
nanoparticle Al,O3,

The temperature profile decreases with mixed
convection parameter in case of assisting flow
(A>0) and increases for opposing flows
(A<0).

Changing nanoparticle from metallic (Cu) to
nonmetallic (Al,Oz)does not affect the thermal
boundary layer thickness.

The skin friction decreases expressively along
the stretched vertical surface for both metallic
and nonmetallic nanoparticle. Moreover, it
decreases with both volume fraction and mixed
convection parameter A in case of assisting flow,
while it increases with mixed convection
parameter A in case of opposing flow.

The effect of opposing flows (1<0) on skin
friction in fully developed flow regime is more
pronounced that assisting flow (1>0).

The heat transfer rate for regular fluid (¢=0) is
lesser and augment with volume fraction of
nanoparticle, nevertheless, the effects of mixed
convection parameter on the heat transfer rate
are not really noticeable.
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