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In this paper, the bioconvective nanofluid flow in porous square enclosure containing oxytactic microorganism 

associated with viscous dissipation, is discussed. The bioconvection flow in porous medium is framed by Darcy-Boussinesq 

approximation. Galerkin finite elements method is employed to solve the governed equations. The computational numerical 

results are exhibited by the surface plots of stream function, temperature, concentration of oxygen and microorganisms, 

average Nusselt number, average Sherwood numbers of oxygen and microorganism concentrations. The effects of key 

parameters such as Peclet number (Pe), Rayleigh number of bioconvection (Rb), viscous dissipation (Ec), thermophoretic 

parameter (Nt), parameter of Brownian movement (Nb), Lewis number (Le) and Rayleigh number (Ra) are presented and 

analyzed. 
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1 Introduction 

Abundant investigations on convection and heat 

transfer through porous media are ascribed to the 

enormous of applications, such as utilization and 

storage of thermal/geothermal energy, reservoirs of 

petroleum, devices of catalytic convertors, dispersion 

of underground pollutants, underground feeder cables, 

technology of porous ceramic burners, food industry, 

tertiary recovery, chemical reactors, chemical 

separations, moisture migration in stored grain, 

thermal cooling of electronic equipment, heating of 

rooms, combustion. The basic nature and increased 

volume of research in concerned discipline are 

adequately archived by Nield and Bejan
1
, Vafai

2
, Pop 

and Ingham
3
. Natural convection in cavities of various 

geometries discovers a salient feature for the analysis 

of engineering. It has huge applications in solar 

energy, cooling system for buildings, electronics 

industry, etc. Many authors have examined the natural 

convection phenomenon in a porous square cavity
 4–8

.  

A latest development for microfluidic devices is 

bioconvective heat transfer in porous media. It refers 

to a macroscopic convective movement of fluid 

induced by swimming of motile microorganisms. 

Different types of microorganisms showing various 

swimming behaviors, can be found. Microorganisms 

of negative geotaxis swim opposite to gravity
9
. The 

swimming trend of gyrotactic microorganisms depend 

on the balance of gravitational and viscous forces
10,11

. 

Generally, oxytactic microorganisms swim towards 

the upper surface since the upper surface of any layer 

is opened to the atmosphere wherever the oxygen 

density is abundant. Growth of microorganisms at the 

upper surface generates the inverting instability, 

which leads to the formation of bioconvection. 

Hillesdon et al.
12

 and Hillesdon and Pedley
13

 

developed the theoretical model of bioconvection due 

to oxytactic micro-organisms. Many authors studied 

the onset thermobioconvection containing oxytactic 

microorganisms
14–17

. Kuznetsov
18

 presented a 

continuum model for thermobioconvection of 

oxytactic micro-organisms in porous media and 

examined the mixed consequences of up swimming of 

bacteria and heat transfer below horizontal porous 

layer. Ahmed et al.
19

 investigated thermo-

bioconvection in a homogeneous and isotropic porous 

medium saturated square enclosure containing 

oxytactic microorganisms.  

The emerging area of nanofluids has gained 

substantial attention by research community owing to 

its outstanding attribute of enhancing the thermal 

conductivity comparative to base fluids. This concept 
————— 
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was developed by Choi and Eastman
20

. Many 

researchers 
21–25

 contributed to nanofluid flow in various 

geometries of Brownian motion model and nanoparticle-

volume fraction model as well. The applications of 

nanofluids with microorganisms can be found in 

micromixers, micro reactors, enzyme biosensors, 

construction of chip-size micro devices, heat sinks of 

micro heat cylinder and micro channel
26–31

. The medical 

and biotechnological applications which need 

comprehension of fluids containing nanofluid with 

micro-organisms in porous media include 

micropumps
32

, transportation in microfluidics
33

, 

microbial enhanced oil recovery, applied to improve the 

span of matured oil reservoirs
34–36

. Beg et al. 
37

 

employed a mathematical model for nano-bioconvection 

past an impermeable vertical porous flat wall filled with 

oxytactic microorganisms. Balla et al.
38

 examined the 

impact of bioconvection parameters in suspensions of 

oxytactic microorganisms present in porous medium. 
 

Effect of viscous dissipation is producing local 

thermal energy through the mechanism of viscous 

stresses that affects convective flow and rate of heat 

transfer. kefene et al.
39

 presented MHD variable 

viscosity mixed convection of nanofluid in a 

microchannel with permeable walls. Chaudhary  

et al.
40

 studied the effects of viscous dissipation and 

radiation on unsteady incompressible fluid flow 

through a porous media with a magnetic field and heat 

generation/absorption. Several researchers
41–44

 have 

focused their efforts on the influence of viscous 

dissipation in fluid-saturated porous medium, but very 

little attention is focused on evaluating this effect in 

nanofluids flowing past various surface geometries. 

Aziz et al.
45

 and Sachin et al.
46

 investigated nanofluid 

flow assisted by viscous dissipation effects past a 

porous plate containing gyrotactic micro-organisms. 

Gireesha et al.
47

 studied the combined effects of 

viscous dissipative nanofluid flow of gyrotactic 

microorganisms over a stretching sheet. Hady et al.
48

, 

Uddin et al.
49

 and Khan et al.
50

 analyzed the effects of 

Viscous dissipation on steady/unsteady thermo 

bioconvection containing gyrotactic microorganisms 

and nanoparticles. 
 

A novel attempt is to combine the impacts of 

viscous dissipation and oxytactic microorganism in 

bioconvective nanofluid flow. To the best of authors’ 

knowledge, the current work is not reported so far to 

the case of viscous dissipation of bioconvection due 

to motile oxytactic bacteria and nanoparticles in 

porous media. The combined effects of viscous 

dissipation and oxytactic microorganisms in square 

enclosure may serve as a considerable problem for 

future scope. The objective of current paper is to 

improve the work of Balla et al.
38

 to the extent of 

oxytactic microorganisms and nanoparticles with the 

influence of viscous dissipation.  
 

2 Mathematical Formulation 

A bioconvective nanofluid flow in porous square 

enclosure filled by oxytactic microorganisms 

associated with viscous dissipation is considered. 

Assume that the right and left walls of the square 

enclosure whose length is L, are kept at temperatures 

Tc and TH satisfying TH > Tc (see Fig. 1). The 

enclosure is assumed to have adiabatic bottom and top 

walls. The gravitational vector g acts in negative 

direction to the y–axis. The equations of suspension 

containing oxytactic microorganisms rely on the 

mathematical formulation of Hillesdon and Pedley
13

. 

A dilute solution is presumed and terms of inertia are 

neglected owing to the extreme slow movement of 

bioconvection flow. In view of the Boussinesq 

approximation, governing equations are: 
 

0
u v

x y

 
 

 
  … (1) 

 

p
u

K x

 
 


 … (2) 

 

( )f C

p
v n T -T g

K y


   


      

 … (3) 

 
 

Fig. 1 — Geometry and physical configuration. 
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 … (6) 

 

Here 
0 minC C C   . nD

 
is the diffusivity of the 

microorganisms and BD
 
is diffusivity of oxygen n is 

number density of motile microorganisms, n

accounts utilization of oxygen by the microorganism.  

The terms u , v are as follow:  
 

CbW C
u

C x

 
  

  
 … (7) 

 

and 
 

CbW C
v

C y

 
  

  
 … (8) 

 

where b is constant of chemotaxis and Wc is 

maximum speed that cell swims. 

Using following nondimensional variables 
 

C
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where n0 represents averaged density of 

microorganism. Utilizing dimensional stream function 

, which is given by 
Y

u





  and v
x


 


, the 

following non-dimensionalized equations are resulted. 
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… (13) 
 

where the parameters of Brownian motion (Nb), 

thermophoresis (Nt), bio convection Rayleigh number 

(Rb), Rayleigh number related to porous medium 

(Ra), Peclet number (Pe), Lewis number (Le), Eckert 

number (Ec) and parameter () are given as 
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The dimensionless form of boundary conditions 

(10)-(13) are: 
 

0 1 1 1 at 0, , ,N X        
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
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The local values of Nusselt number YNu , 

Sherwood number of oxygen concentration YSh , 

Sherwood number of microorganisms concentration 

YNn and their average values are defined by  
 

0 1 0 1 0 1

Y Y Y
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3 Method of solution 

Finite elements method of Galerkin’s weighted 

residues procedure is employed to find solution of 

non-dimensionalised governing equations (10)-(13) 

with associated boundary conditions (14). In this 

scheme suitable trial solutions are deputed and 

residuals are collected. The product of residuals and 

weight functions is integrated over each element and 

assumed to be zero 
51,52

. 

Let the approximate solutions of ,  ,  , N  are 
 

3
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where i  are linear interpolating functions obtained 

for triangular element. Galerkin finite element method 

for a general element e  is, 
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Convergence to solution is achieved when the error 

associated with each unknown between ordered 

iterations is found to be lower than the convergence 

condition, 1 510n n    , where n is iteration number 

and  stands for , ,   and N. Grid size independency 

check is implemented as shown in Table 1. The grid 

size check infers that a mesh of 101 101 is 

convenient to study bioconvection. The validation of 

present problem is observed when viscous dissipation 

and microorganisms are absent. The computed data 

are matched up to the results available in literature 

and observed to be in good agreement (see Table.2).  
 

4 Results and discussion 

The calculated results have been exhibited for diverse 

values of Rayleigh number of bioconvection

(20 50)Rb  , Brownian motion 0(0 1 )3. Nb .  , 

Table 1 — Grid independency against the average Nusselt 

numbers for Ra=300, Rb=10, Nb=0.1, Nt=0.1, Pe=0.1, Le=1 and 

Ec=0.1. 

Grid size X×Y Average Nusselt number avgNu  

21×21 3.0247×10-2 

41×41 2.6524×10-2 

61×61 2.5302×10-2 

81×81 2. 5186×10-2 

101×101 2.4992×10-2 

121×121 2.4981×10-2 
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thermophoretic force 0(0 1 )3. Nt .  , Eckert number

(0 01 0 3). Ec .  , Lewis number (0 1 1). Le   and Peclet 

number 1(0 1 ). Pe  .  

4.1 Effect of Eckert number 

Fig. 2 presents the surface plots of stream function, 

temperature, oxygen concentration, microorganism 

concentration for Eckert number 0 1 0 3Ec . , . . The 

streamlines produce a cell occupying whole enclosure 

in counterclockwise rotation (upward direction) when

0 1Ec . . The stream function attains maximum value 

1 54
max

.  at the center of the enclosure. As Eckert 

number increases to 0 3Ec . , the flow cell splits into 

two cells, which are extended in opposite directions. 

The range of the stream function is 0 92 1 05. .   . 

Table 2 — Comparison of the Nusselt numbers at the hot wall. 

 Ra=10 Ra=100 Ra=1000 Ra=10000 

Goyeau et al. 53  3.110 13.470  

Walker and Homsy 54 Nil 3.097 12.96 51.0 

Baytas and Pop 55 1.079 3.16 14.06 48.33 

Revnic et al. 56   13.664  

Sheremet and Pop 17 1.079 3.115 13.667 48.823 

Present results 1.0791 3.1147 13.6453 48.7451 

 
 

Fig. 2 — Surface plots of stream function, temperature, concentrations of oxygen and microorganisms for Ra=20, Rb=10, Nb=0.1, 

Nt=0.1, Pe=0.1, Le=1 and (a) Ec=0.1 (b) Ec=0.3. 
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The isotherms are formed parallel to hot wall when

0 1Ec . . As Ec  enhances the isotherms are 

stratified at center describing the convection form of 

heat transfer. This is due to the reason that raise in 

Eckert number squeezes the surface plot of 

temperature towards the cold wall. The rate of heat 

transfer is high for larger values of Ec .  

The steepness of the surface plot of oxygen 

concentration indicates that the gradient of oxygen 

concentration is more at the cold wall, and it is less at 

the hot and bottom walls of the enclosure. When 

0 1Ec . , a semi vortex is produced at center, due to 

less density at the center of the enclosure. Low 

density region is also formed at the top wall of the 

enclosure due to boundary conditions at the top and 

bottom wall. As the Eckert number increases to 

0 3Ec . , density of oxygen increases at the top wall 

of enclosure and the vortex indicating low density 

region shifts towards cold wall. An eddy is observed 

at the bottom left wall of the enclosure and that is 

disappeared with the boost in viscous dissipation. 

However, Eckert number increases the depth of the 

vortex of oxygen concentration. 

A low strength eddy is found near the hot wall and 

a downward pointing vortex is produced near the cold 

wall of the enclosure for the Eckert number 0 1Ec . . 

This shows that the density of oxytactic 

microorganisms is high near hot wall and gradient of 

microorganisms is observed at the cold and bottom 

wall. Due to the boundary condition of the problem an 

opened semi vortex towards top wall is appeared. 

When the Eckert number increased to 0 3Ec .

gradient of oxytactic microorganism is also observed 

at the top wall. A deeper cell of microorganism 

density is found at the cold wall. The increase in the 

viscous dissipation stabilizes the microorganisms 

density in the enclosure and a steeper low-density 

region is formed at the cold wall. 
 

4.2 Effect of Brownian motion 

Fig. 3 presents the surface plots of stream function, 

temperature, oxygen concentration, microorganism 

concentration for Brownian motion parameter

0 1 0 3Nb . , . . A single flow cell occupying the entire 

enclosure is formed when the Brownian motion 

parameter 0 1Nb . . The boost in the Brownian 

motion decreases flow intensity of stream function 

from 1 14
max

.   to 0 63
max

.  . This is due to the 

increased random movement of the nanoparticles 

present in fluid containing ox tactic microorganisms.  

An insignificant impact of Brownian motion is 

observed on distribution of temperature in the 

enclosure. The rate of heat transfer is reduced slightly 

with the boost in Nb.  

An opened semi vortex towards top wall is 

observed in the surface plot of oxygen concentration. 

When        less gradient of oxygen density at the 

left(hot) wall, bottom wall and right(cold) wall is 

noticed. As the Brownian motion increased to 

       high gradient of oxygen density is observed 

at the aforesaid walls and the depth of the vortex is 

reduced. The values of oxygen isoconcentrations 

ranges between           for Nb=0.1 and 

           for Nb=0.3. 
 

A semi vortex opened towards top wall is appeared 

in the surface plot of oxytactic microorganisms. It is 

observed from the figure that the Brownian motion 

decreases the depth of the vortex, which indicates the 

stable distribution of microorganisms. This is due to 

the interaction between the swimming of oxytactic 

microorganisms and random motion of nanoparticles 

in the enclosure. The values of microorganisms 

isoconcentrations ranges between           for 

Nb=0.1 and           for         
 
4.3 Effect of thermophoresis 

Fig. 4 presents the surface plots of stream function, 

temperature, oxygen concentration, microorganism 

concentration for Brownian motion parameter

0 1 0 3Nt . , . . When Nt=0.1, single cell of flow in the 

clockwise direction in the enclosure is formed and the 

flow strength ranges between 0 0 798. . As the 

thermophoretic parameter increases to Nt=0.3 an eddy 

is formed in the anticlockwise direction and the flow 

strength in the clock direction enhances between

0 13 1 497. .  . This is due to the interaction of 

nanoparticles with other species/molecules in the fluid 

in response to the temperature gradient.  

When Nt=0.1 the isotherms are parallel to the hot 

wall linear rate of heat transfer is observed. When 

Nt=0.3 the isotherms stratified horizontally indicating 

the higher rate of heat transfer.  

The density of oxygen is highest at the left(hot) 

wall, bottom wall and right(cold) wall when Nt=0.1. 

The isoconcentrations of oxygen shows that the 

density of oxygen decreases gradually from aforesaid 

walls to the centre of the enclosure. With the increase 

in the thermophoretic force an interaction among 

nanoparticles, oxygen particles and microorganisms 

takes place and a tiny cell of isoconcentrations of 
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oxygen in the anticlockwise direction, is formed. The 

range of oxygen density is 1 0 75.  when Nt=0.1 

and 1 12 0 27. .  when Nt=0.3. The boundary layer 

of oxygen concentration decreases with the increase 

in Nt.  
When Nt=0.1, a vortex indicating low density 

region of oxytactic bacteria is formed at the centre of 

the enclosure. High density region of oxytactic 
microorganisms is formed at the bottom wall and hot 
wall. As the thermophoretic force increases a rapid 
moment of microorganisms towards cold wall takes 
place and a reverse flow is occurred at the left of 
bottom wall. Due to this a strong cell of 
microorganisms is formed and the strength of semi 
vortex at the centre decreased. The effect of Nt on the 

 
 

Fig. 3 — Surface plots of stream function, temperature, concentrations of oxygen and microorganisms for Ra=20, Rb=10, Nt=0.1, 

Pe=0.1, Ec=0.01, Le=1 and (a) Nb=0.1 (b) Nb=0.3. 
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boundary layer of density of microorganisms is less 
when compared to that of oxygen. 
 

4.4 Effect of Peclet number 

Fig. 5 shows the surface plots of stream function, 

temperature, oxygen concentration and 

microorganisms concentration for Pe=0.2, 0.8. Peclet 

number increases the flow intensity greatly. The range 

of stream function is 1 0 252. when Pe=0.2 and 

0 1 554. when Pe=0.8. Peclet number increases 

rate of heat transfer. With the boost in Peclet number 

the semi vortex which is opened towards top wall, 

produces an eddy in the opposite direction. The same 

 
 

Fig. 4 — Surface plots of stream function, temperature, concentrations of oxygen and microorganisms for Ra=20, Rb=10, Nb=0.1, 

Pe=0.5, Ec=0.01, Le=1 and (a) Nt=0.1 (b) Nt=0.3. 
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trend is observed with the surface plots of 

concentration of oxytactic microorganisms, because 

of the dominance of the diffusivity of motile 

organisms. It is observed that boundary layer 

thickness of both concentrations of oxygen and 

microorganisms is decreased with the increase in 

Peclet number. 

4.5 Effect on Average Nusselt number, Sherwood numbers of 

Oxygen density and microorganisms density 

Fig. 6 reveals the effect of Eckert number versus 

Peclet number on average Nusselt number Nuavg, 

Sherwood number of oxygen density Shavg and 

Sherwood number of microorganisms Nnavg. It is 

noticed that avgNu
is increasing function of both Eckert 

 
 

Fig. 5 — Surface plots of stream function, temperature, concentrations of oxygen and microorganisms for Ra=20, Rb=10, Nb=0.1, 

Nt=0.1, Le=0.1, Ec=0.01 and (a) Pe=0.2 (b) Pe=0.8. 
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number and Peclet number. While reverse trend is 

observed in case of avg
Sh

 and avgNn
.  

The influence of bioconvection Rayleigh number 

against Lewis number on average Nusselt number avgNu , 

Sherwood number of oxygen density avg
Sh  and 

Sherwood number of microorganisms avgNn
is shown in 

Fig. 7. Lewis number decreases avgNu
. This effect is 

pronounced with higher bioconvection Rayleigh 

number. Lewis number increases avg
Sh

. This effect is 

 
 

Fig. 7 — Effect of bioconvection Rayleigh number vs. Lewis 

number on (a) average Nusselt number (b) average Sherwood 

number of oxygen concentration (c) average Sherwood number of 

microorganisms concentration. 

 
 

Fig. 6 — Effect of Eckert number vs. Peclet number on (a) 

average Nusselt number (b) average Sherwood number of oxygen 

concentration (c) average Sherwood number of microorganisms 

concentration. 
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pronounced with lower bioconvection Rayleigh 

number. The similar effect on avgNn
 is observed. 

The impact of Brownian motion vs. thermophoretic 

parameter on average Nusselt number avgNu
, Sherwood 

number of oxygen density avg
Sh

 and Sherwood number 

of microorganisms avgNn
is shown in Fig. 8. avgNu reduces 

with the raise in Brownian motion and it enhances 

significantly with the increase in thermophoretic 

parameter. The opposite trend is observed in case of 

avg
Sh

 and avgNn
.  

 

5 Conclusion 

In this paper, bioconvection in a square enclosure 

containing nanofluid-suspension of oxytactic 

microorganisms associated with viscous dissipation is 

investigated. The non-dimensional form of governing 

partial differential equations is obtained and solution is 

found by means of finite element method. The surface 

plots of streamlines, isotherms, is concentrations of 

oxygen and microorganisms, Nusselt number and 

Sherewood numbers of oxygen density and density of 

oxytactic microorganisms were explored graphically. 

The key conclusions are: 
 

 The strength of flow is enhanced with Eckert number, 

thermophoretic parameter and Peclet number. And it 

is decreased with Brownian motion parameter.  

 The rate of heat transfer is pronounced with Eckert 

number, thermophoretic parameter and Peclet 

number. And it is reduced with Brownian motion 

parameter. 

 Eckert number reduces oxygen density profile in the 

enclosure but enhances at the top wall. Brownian 

motion enhances the oxygen density profile. 

Thermophoretic force and Peclet number enhance the 

boundary layer thickness of oxygen density and cause 

a reverse flow to occur. 

 Eckert number reduces the concentration profile of 

oxytactic microorganisms in the enclosure but boosts 

at the top wall. Brownian motion increases the 

concentration of microorganisms. Thermophoretic 

force enhances the boundary layer of microorganisms 

density and causes for a strong reverse flow in the 

enclosure. Peclet number stabilizes the concentration 

profile of oxytactic bacteria. 

 Brownian motion and Lewis number reduces the 

average Nusselt number avgNu  and enhances the 

average Sherwood number of oxygen density
avg

Sh  

and average Sherwood number of microorganisms 

density avgNn . However, thermophoretic parameter, 

bioconvection Rayleigh number, Peclet number and 

Eckert number enhance avgNu and reduce both avg
Sh

and 
avgNn . 

 
 

Fig. 8 — Effect of Brownian motion vs. thermophoretic parameter 

on (a) average Nusselt number (b) average Sherwood number of 

oxygen concentration (c) average Sherwood number of 

microorganisms concentration. 
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