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The linear wave dispersion relation of relativistic electron beam propagating along the negative direction of a constant 

guiding magnetic field in a slow wave structure has been presented by cold fluid limit. The instability occurs when the 

velocity of beam electrons exceeds the phase velocity of the wave. The numerical simulations of microwave amplification 

due to the instability indicate that the maximum interaction efficiency achieves about 16%. The maximum transverse 

drifting distance of the beam electrons calculated from single particle theory is about 0.02 cm and this result is also verified 

by Particle-In-Cell simulations. 
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1 Introduction 

 The linear dispersion relation reveals the 

electromagnetic wave propagation, damping and 

amplification in the beam-wave interaction process 

and the dispersion relation has fundamental 

importance in beam or plasma physics for the purpose 

of charged particle beam acceleration or high power 

microwave or millimeter wave generation or 

amplification. 

 The nonlinear dispersion relation of relativistic 

plasma has attracted much interest in the theoretical 

or laboratory studies
1-3

. The dispersion equation for 

arbitrary wave amplitude, as well as moderate plasma 

temperature for ultra-intense electron plasma wave 

propagation has been presented in infinite and 

uniform plasma
1
. The nonlinear theory of 

multidimensional plasma waves with phase velocities 

near the speed of light has been studied
2
 for the 

potential applications of particle acceleration. The 

linearized theory of relativistic plasma in a 

homogeneous cosmological background has been 

presented in Ref. (3). 

 For the purpose of high-power microwave generation 

in gyrotrons, the dispersion relation of the relativistic 

electron beam and the fast transverse electromagnetic 

wave interaction have been intensively studied
4-6

. The 

instability occurs when gyrated electron beam 

interacting with a fast transverse electromagnetic 

wave in a guiding magnetic field. The electron beam 

bunches in the transverse direction and transfers 

energy to the wave so that coherent microwave 

amplification is produced. Gyrotron is one of the most 

successful coherent radiation sources of high power 

and bandwidth which has many applications in 

plasma heating, advanced materials processing, radar 

systems, particle accelerations, and electromagnetic 

wave weapons
7-10

. 
 

 However, the gyrating beam and strong guiding 

magnetic field in gyrotrons result in much more 

sophistication in practical manipulation. So the study 

of slow wave electron cyclotron maser may be an 

appropriate supplement to the microwave generation 

or amplification devices. And the nonlinear interaction 

processes of slow wave electron cyclotron have been 

extensively studied by many researchers
11-18

. In the 

present paper, the dispersion relation of an initially 

rectilinear relativistic electron beam and slow wave 

system has been studied. The instability occurs when 
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the beam electron velocity exceeds the phase velocity 

of the slowed electromagnetic wave in the dielectric 

media. The instability reveals the possibility of 

microwave amplification using slow wave electron 

cyclotron mechanism with a rectilinear beam. 

 

2 Dispersion Relation of the Relativistic Electron 

Beam-Dielectric System 

 An electron beam with initial velocity v0 

propagating along the negative z-axis in a medium 

with a dielectric constant ε, and the medium is 

immersed in a constant magnetic field 0B
�

along the  

z-axis has been considered. A bunch of microwave in 

parallel with the electron beam is injected into the 

system. On the basis of Lorentz force, the equation for 

the beam electron motion in the medium can be 

written as: 
 

( )0

1dp
e E v B B

dt c

� �
= − + × +� �

� �

�
� � ��

,  (1) 

 

where E
�

and B
�

are the electric and magnetic fields of 

the wave, 0p m vγ=
� �

 the electron momentum, 0m the 

rest mass of the electron, 
2 21 1 v cγ = −  the 

relativistic factor and c is the velocity of light in 

vacuum. The linearized equation of Eq. (1) can be 

presented as: 
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where ( )
1 2

2 2

0 01 v cγ
−

= − is the initial relativistic 

factor of the beam electron, and the prime symbols in 

Eq. (2) denote the perturbed quantity. Furthermore, it 

is assumed that all of the perturbed quantity varies 

with a factor ( )exp ikz i tω+ , and electromagnetic 

wave propagates along the negative z direction. Here, 

k is the wave vector and ω is the angular frequency. 

 According to Faraday’s law, we have the relation of 

the perturbed electric and magnetic fields as: 

 

z

kc
B e E

ω
′ ′= − ×

�� �
 …(3) 

 The wave equation for perturbed fields on the basis 

of the continuation equation is given by: 

 

0J
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ρ
∂
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∂

�
 …(4) 
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c t c t
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∂ ∂
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 Combining Eq. (2) with Eqs (3)-(5), we find the 

self-consistent equation for the electric 

fields 0E′⋅ =D
�

, where D  is the dispersion tensor and 

has the following components: 
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where ( )
1 2

2

0 04p n e mω π= is the beam plasma 

frequency, n0 the initial beam density, 

0 0 0 0eB m cγΩ =  is the initial relativistic electron 

cyclotron frequency and the asterisk in Eq. (7) 

denotes complex conjugate. Then the dispersion 

relation is given by det 0=D and yields: 
 

( )
( )

2

02 2 2

0 0 0

0
p kv

k c
kv

ω ω
εω

γ ω

+
− − =

+ ± Ω
. …(10) 

 

 In Eq. (10), the positive and negative sign 

corresponds to right and left circularly polarized 

waves, respectively. It is obvious that the right 

circularly polarized wave exhibits the instability while 

the other one is stable, and the instability occurs at 

0 0 0kvω + + Ω ≈ , i.e., 0 0 0kv kcω ε= − − Ω = . 

Assuming δωωω += 0  in Eq. (10), furthermore 

0δω ω<<  and 0δω << Ω , then for the right polarized 

wave, we have: 
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( )
( )2
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0

0

0
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ε ω δω
γ δω

Ω −
+ − − =  …(11) 

 

Which results in 2

0 0 02piδω ω εγ ω= ± Ω  and the linear 

wave growth rate Iω can be finally presented as: 
 

1 2

0

0 0

Im
2

I pω δω ω
εω γ
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= = 	 


� �
 …(12) 

 

3 Numerical Simulations of Backward Microwave 

Amplification 

 Some numerical simulations of backward microwave 

amplification under resonance condition 

000 ≈Ω++ kvω , have been presented. The 

components of Eq. (1) can be written as: 
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where 0 0eB m cγΩ =  is the relativistic electron 

cyclotron frequency.  

 When the instability is occurring, the longitudinal 

movement will convert to the transverse cyclotron 

motion. Then, the particle will emit the cyclotron 

radiation and the particle kinetic energy will be 

transferred to the microwave. By the energy 

conservation, the interaction efficiency 

( ) ( )0 0 1η γ γ γ= − − −  can be calculated straightway 

according to Eqs (13-15) and is shown in Fig. 1. For 

both simulations, the refractive index is 2 and 

200  SV/cmE = . For 30 GHz, the interaction 

parameters are B=0.2T and 0 1.351γ = , and the 

maximum interaction efficiency is about 16%. 

However, for 90 GHz, B=0.5 T and γ0=1.211 the 

maximum interaction efficiency is about 8%. We can 

see that the maximum interaction efficiency of the 

former is larger than the latter. Because the electron 

cyclotron frequency in the former is smaller than the 

latter, so the electron interacts with the wave in a 

longer time before the angle between the transverse 

velocity of the electron and the electric field of the 

wave approach 2π , then the beam electron is 

trapped in the decelerating phase in a longer time and 

results in a higher interaction efficiency. 

 The three dimensional trajectory of the beam 

electron is shown in Fig. 2 with simulating 

parameters: f=90 GHz, B=0.5 T, γ=1.211 and E=200 

Stat V/cm. The maximum transverse drifting distance 

of the beam electron calculated from single particle 

theory is about 0.02 cm which is very optimum in the 

design of a practical microwave amplification device. 

 Three dimensional trajectory of the beam electron 

is also verified by 2D3V Particle-In-Cell (PIC) 

simulations
19

. The simulation
20

 is executed by 

 
 

Fig. 1 — Interaction efficiency v.s. interaction length 

 

 
 

Fig. 2 — 3D trajectory of the beam electron with f=90 GHZ  

and B=0.5T0 
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VORPAL. The simulating space is 7 cm*4 cm and is 

divided to 700*200 cells. In X direction, the 

absorbing boundary conditions (Perfect matched 

layer) are applied at the two sides. In Y direction, the 

periodic boundary conditions are applied. The 

electrons are a beam with 1mm width and γ=1.211. 

The injected electromagnetic wave is a plane wave 

with circle polarized like the theory. Its frequency is 

90 GHZ and its amplitude is about 200 Stat V/cm, 

same as the single particle simulation. The guiding 

magnetic field is 0.5 T. In the PIC simulation, we find 

the result is very like the single particle theory. The 

particle distribution from the PIC simulation is shown 

in Fig. 3. The particle phase space distribution (X-Py-

Pz) is shown in Fig. 4. For the interaction in quasi-

stable, the space distribution is very similar to the 

time varying of the single particle. In the Figs 3 and 4, 

one can find the resonance of electrons and the wave, 

while the conversion and the evolution of cyclotron 

motion is shown clearly. The particle energy and 

momentum distribution from PIC can be viewed and 

show good agreement with the single particle theory. 
 

4 Conclusions 

 The linear wave dispersion relation of relativistic 

electron beam and dielectric system in a uniform 

guiding magnetic field has been obtained. The 

instability occurs when the beam electron velocity 

exceeds the wave phase velocity and coherent 

microwave radiation can be produced under 

resonance condition. The numerical simulations show 

that the maximum interaction efficiency approaches 

6%-16%, and the maximum drifting distance of the 

electron is about 0.2 cm. Because the interaction 

efficiency is the ratio of the energy which is injected 

to the microwave from the beam, these results 

indicate a potential design for a coherent microwave 

amplification device.  
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Fig. 3 — Electron X-Y distributions in PIC simulation 

 

 
 

Fig. 4 — Electrons phase space X-Py-Pz from PIC simulation. 

 


